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- - - -, ,- -,-,
u;uj = U; u j + U; uj + U; uj + U; uj • (6)

(7)

(4)

(5)

au;
-=0.
ax;

But as

au; a -- 1 ap aZu;
-+-(uu)=---+v-- (3)
afaXj 1 J pax; aX

j
aX

j

and

it follows that

is commonly called the subgrid scale (SGS) Reynolds
stress.

Turbulence is a property of the f1uid f10w rather than of
the f1uid itself. In a·turbulent f1ow, the physical quantities,
as weil as the components of velocities and pressures,
undergo fluctuations in time and space, permitting their
being expressed by random variables. The turbulent
diffusion, which is due to turbulent agitation, has effects
exceeding the effects of molecular agitation, and thus
causing the fast and intense mixture of the vortex tubes
and the substantial amplification of the transfer of mass,
momentum, moment of momentum, kinetic energy and
heat through the boundary of an arbitrary control volume.
Turbulence in the f10w is the cause of the intense
dissipation of kinetic energy into heat by the effect of
viscosity [14, 15, 18, 20, 21, 29, 33, 36, 37, 42].

During the process of cavitation inception, turbulence
may be a major factor, even a fundamental one. This
means that, in defining and expressing the coefficient of
cavitation inception, numerous physical quantities are
involved, which define and generate turbulence. Thus,
data on the field of turbulent pressures, the spectrum and
the probable density are absolutely necessary. AIso, in
modelling the diffusion process, it is necessary to know
the nuclei in the turbulent f10w and the way in wich they
respond to the temporal pressure fluctuations [19, 20].

which are properties this approach shares with Reynolds­
averaged modelling. The subgrid scale Reynolds stress
then reduce to

The original method advenced by DEARDüRFF [17] and
extended by SCHUMANN [38] regarding the numerical
solving of the equations (3) and (4) implies the simplifi­
cations

2. The pressure in a turbulent flow

In the case of ideal f1uid f10w the tangential unit stresses
are zero, while the normal stresses have a common value
(- p). The scalar quantity p is the pressure in a point of
the domain filled by the moving ideal f1uid.

FERZIGER [39] applied a convolution filter of the form

uCL') = f G( 1l - l'I) uCL") dl" (1)

to the Navier-Stokes [30] and continuity equations, in the
case of incompressible f1uids and homogeneous turbulent
f1ow. In the Fourier space this becomes.

u; = 0

Ri) = u; uJ .

(8)

(9)

( 10)
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or

The subgrid scale Reynolds stress defined by
equation (7) can be decomposed into the sum of a trace­
free tensor and a diagonal tensor

(19)

is the pressure coefficient at a point on the profile. If

where P", and U '" represent the pressure and velocity of
the umperturbed flow upstream from the tested plate,
profile or body, and U. is the velocity at the edge of the
boundary layer in the vicinity of the wall,

(12)

When the decomposition (II) is substituted into the
filtered Navier-Stokes equations (3), the diagonal compo­
nent produces a term wich is equivalent to the gradient of
a scalar. It is similar to the pressure gradient term and can
be combined with it. It is therefore advantageous to
define a modified pressure [19]

The modified pressure P * contains the whole spherical
tension consisting of the static pressure, i.e. the mean
pressure p of the non-viscous fluids in motion and the
normal components of the Reynolds-stress tensor. In the
case of isotropic turbulent motions (U;2 = U.;2 = U32

) and

of anisotropic turbulent motions (U;2 ~ U.;2 ~ U32
) one has

denotes the cavitation coefficient of the installation where
the plate, profile or body to be tested is mounted [l, 3]
and

(20)

(21 )
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Cavitationally, the term p/3 Rkk expresses the negative
peak of the pressure fl uctuations in the turbulent flow.

the cavitation coefficient (T of the body over which a
viscous liquid flow [l, 3] then

( 14)

(15)
P* - P.

(Tres = --- = (Tinst - cr.
1 2
ï PU", .

(22)

3. Cavitation coefficients in flows with high degree
of turbulence

At a point of the boundary layer flow in the vicinity of the
sol id wall, the dimensionless reserve of the relative
pressure P * with respect to the vaporisation pressure
P. of the working liquid «(T,eserve) is .

If, at a certain moment, the modified pressure
P * at sorne point of the liquid flow decreases to the
vaporization pressure (p * = Pmin = P.) i.e. to its mini­
mum value, the inception of cavitation «(T,es = 0) occurs.

At this moment the coefficients of cavitation are equal
in value, differing in their physical signification and
expression [1,3].
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(T; = -1--

2
- = - C pmin
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1
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ï pU.

(23)

or
Consequently

represents the effect of turbulence on the coefficient of
cavitation inception. In order to know the effect of
turbulence !:l(TT on the cavitation coefficient (Ti and on the
cavitation curves [3] it is necessary to determine
R kk i.e., the pressure fluctuations in the turbulent flow.

P* - P.
'(T =---=

'es 1 2
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4. Pressure fluctuations in turbulent flows

N being the number of measurements.
The computational determination of R kk is an extremely

complex problem, whose starting point is the Navier­
Stokes equation [9, 10, 12, 19, 36, 37, 40, 41] ;

The problem of pressure fluctuations was considered both
theoretically and experimentally. The effective (rms)
pressure coefficient of pressure fluctuations is given in
figure 1 for the case of cylindrical body in the cUITent, as
measured by THARA and MURAI [24]. Here
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(30)
1. Pressure distribution on the cylinder.

If the divergence is applied to this equation, there result

(31)

a second degree Poisson equation.
The pressure fluctuation as a function of the velocity

field results from Poisson equation by decomposing the
variables into mean and fluctuating values. In this case

where

k, = 1.2-1.4.

a2p' aUj au;
--=-2p---
ax; aX j aXj aX j
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j
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The first term on the righ-hand side of this equation
represents the turbulence and mean-shear interaction,
while the second term represents the turbulence-turbu­
lence interaction. For a wall-boundary flow, if contri­
butions from surface integrals are neglected, the fluctuat­
ing pressure at a point X on the wall is given by [39]

where the volume V integration is at position Rs over the
entire halfspace containing the flow. Equation (33) shows
that the pressure fluctuations are generated by' sources in
the whole domain of the flow, but the contribution of the
different sources decreases rapidly with the distance from
the point taken into consideration.

BATCHELüR [9, 10] was the first to determine the
mean-square fluctuation for the isotropie turbulent flow
and he obtained

(37)

(36)

{
k2 ~ 1.4 isotropie flow

k 2 :> 1.4 shear flow .

[p'2]112 U;2
-1-- = k 2 2 ' where
_ pU2 U,
2 '

P. R = ~ [p'2]"2 = k [p'2]112 (35)
3 kk k

l
P

In this case

where kp = 1.66 -7- 1.42.
UBEROI [43] confirmed this result experimentally utilis­

ing the hot wire technique, and he obtained

KRAICHNAN [26, 27] gave more general solutions of
equation (33), for both cases of the anisotropie turbulent
field and for that of the isotropie field. By simplification,
these solutions can be expressed in the following form

For the pressure fluctuation at the wall, KRAICHNAN
[27] obtained

(33)
p f lT(R s ) dV (R,)

p'(x) = - .
2'TT pO (x - RJ

(34)
where orw is the mean shear stress at the boundary surface,
which can be expressed as a function of the friction
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velocity UT or of the skin friction coefficient Cf [22]
knowing that

T w = pU; (38)

T UZ
Cf _w_ = 2 --...: for boundary layers (39)

~ UZ U;
2 e

{p.2j '1/.0 .-------------,

7ür u

(,0

0.5

o.s 1/" 1.0o
o "-'-...........L..J...............l-1....................J...;...............,

-1.0 -0.5

u' u'
Cf = ~Z Z for jets and wakes. (40)

e

then

[U'Z]I/Z
, Z

U2 rms = ---u:- ;

R kk _,2 ,2 ,2 ,2
U; - U 1 rms + UZrms + U3rms = 3 Uarms (41)

2. Root-mean-square pressure fluctuation normalized by the
wall shear velocity.

The results given in the foregoing refer to the turbulent
flow in a channel or over a smooth plate at small
Reynolds numbers, when no detachment from the wall
occurs. However, as hydraulic machines operate under.
conditions differing from the optim ones, wich means
that when the flow passes over the runner blades it
displays a separating boundary layer, it is interesting to
analyse the turbulent flow detached from the wall.

PANTON and LINEBARGER [34] calculated wall pressure
spectra for-zero-pressure-gradient and adverse pressure­
gradient equilibrium boundary layers that seem to de­
scribe, the essential features observed from experiments.
They used Coles'Iawn of the wall and wake for mean
velocity profiles. A scale anisotropic model of the spatial
correlation of u:/ was used together with the assumption
that u;'z was proportional to (- u;, u;') for ail equilibrium

layers and thus they obtained the coefficient
kw = f (Re, Il, ex) (rabl. 3).

Hence it follows that the flow with boundary layers
without separation and consequently with smail pressure
gradient kw = 2.89 - 3 while for the Flow 'with adverse­
pressure-gradient equilibrium and separating turbulent
boundary layers kw = 4.40 - 19.87 and kM = 1.4 - 2.07.

SIMPSON et al. obtained the same result by analysing
the theoretical findings of PANTON and LINEBARGER [34],
as weil as sorne experimental data regarding the surface
pressure fluctuations in a separating turbulent boundary
layer, wich are shown in table 4.

Thus kw = 4.09 - 11.44 and kM = 1.20 - 2.75. For the
computation of the pressure fluctuations at the wall,
SIMPSON et al. [39] gave the equation(42)

fully agree with the measured values of KREPLIN and
ECKELMANN [28].
Assuming that the rms of RH is

ARNDT [8] showed that numerous studies indicated the
value 2.8 for kw' FAVRE [18] considered that
kw = 2.2 - 2.8 and that it increased with the Reynolds
number. WILLMARTH [44-46] obtained kw = 2 - 3 by
laboratory measurements, while Mc GRATH and SIMPSON
[39] obtained 2.3. More recent theoretical and experimen­
tal studies [4, 23, 25, 28, 30, 34, 35] provide numerous
results regarding the velocity of pressure fluctuations
within the boundary layer, which permit the approximate
computation of the term p/3 RH, in the expression of the
modified pressure and, consequently, of the cavitation
coefficient (Ti' .

KIM et al. [25J numerically solved the Navier Stokes
equations for Ihe homogeneous turbulent motion in a
channel. The computation was carried out with
3.962.880 grid points (192 x 129 x 160 in x, y, z) for a
Reynolds number of 3.300, with is based on the mean
centre line velocity and the channel half-width.

The'computed values of the velocity fluctuations wich
were given as root-mean-square velocity fluctuations
normalized by 'the weil shear velocity

, [u:iZ]I/Z
u3 rms = ---u:- ;

[P'Z]!T~ = 0.52 é 9 (In 1 U: 'ô 1 + 9.24) (43)

(44)UT 'ô = _k_ ( U 00 'ô * _ 65 )
v I+Il v

which agrees with the computations of PANTON and
LINEBARGER [34] for the zero-pressure gradient with
ex = 1 ; 2 and 3 and COLES wake function parameter
Il = 0.6. Here the Reynolds number is in terms of the
displacement-thickness Reynolds number

where k = 0.41 (COLES and HIRST [16]).

LA HOUILLE BLANCHE/N° 5-1993318

The values of the coefficient kR computed by KIM et al.
[25], MOSER et al. [30] and those measured by KREPLIN
et al. [28] for the turbulent flow with small Reynolds
number are shown in table 1 for different values of

+ yUT

y =­
v

KIM et al. [25] also computed the root-mean-square
(rms) pressure normalized by shear velocity (fig. 2).

PERRY, LIM and HENFEST [35] experimentally deter­
mined the velocity fluctuations in the boundary layer at
different distances yl'ô from a smooth wall. The values of
kR are given in table 2.
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Table 1

10

2,41

2,85

0.01

3,2

20

2,53

2,65

Table 2

0,05

2,a

Table 3

3D

2,06

1,99

°,1

2,7

40

1,72

l,91

60

l,54

1,66

0,5

1,26

~===:=================================================================

.t<.,;&'
Re ~ -J- 1000 4000 1UOUO 4000 4000 400 4UOO 40UO 40UO

======================================================================

n 0,6 0,6 0,6 l , 5 3 6 0,6 6 3

oc: 2 3 2

[p'2J1/2
k =- 2.,39 3,01 3,10 4,37 7,89 6,2[; /1,15 ~, 92 1 i ,~UW bw

[p'2J 1/2

k",: ~H l ,61 1,43 l,4O 2,07

======================================================================

Table 4

=========~============================================ =================================================

No. Re 10- 3 U /U n H U /U lP""J Y' rp-<',y,
i : ~ I~ ... k w:--- Ir" :.lL-L

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~k~~~~~~~~~~~~~~~~~~~~~~~

1. 8radshaw (1967) 40,3 0,0252 2,9 l,59 0,0566 8,83 1,04

eguili:Jrium

2. Lim (1971) 28,4 0, on 1 1,92 1,56 0,1546 4,09 1,23
egui1ibrium 32,4 0,0294 l,92 1 ,52 0,0519 4,33 1,31

3. Scloner (1967) 14,6 G,0296 1,84 l, sr; 0,0563 ,,",34 1,2

non-eguiliLJrium

4. Hahn (1976) 38 0,021 4,7 2,33 O,OGO 11,44 1,40

airfoil 48 0,030 0,9 1,33 0,033 4,42 2 ,73

5. 8urton (1973) 0,023 1,76 0,059 9,57 1,45

non-eguilibrium

6. C~llin (1908) 5,00 0,0316 2,29 1,624 0,0419 3,9 2,22

aidoil NACA 4412
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4. Correlation of cavitation data for turbulent f1ow.
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5. Variation of the cavitation coefficient cri with the velocity and

turbulence degree on the lITC body.
6. Variation ofthe cavitation coefficient cri with the velocity and

turbulence degree on the lITC body.

In the measurements made by SIMPSON et al. [39] both
the turbulence and mean-shear interaction and turbulence­
-turbulence interaction in the pressure fluctuation source
term (32) are important for detached flows.

SIMPSON et al. [39] showed that the local maximum
shearing stress TM (wich occurs in the middle of the
boundary layer) appears to be the proper stress on which
to scale fp'2]"2; from available data

shows less vanatlOn than when fp/2]112 is scaled on the
wall shear stress T w, for the flow with small pressure
gradients and with pressure of adverse pressure gradients
and separation boundary layers. SIMPSON et al. [39]
determined a relation for TM as a function of the shape
parameter H

Velocity fluctuations are as large as mean velocity in
the back flow Reynolds shear stress and their gradients
are large, away from the wall. Thus the largest pressure
fluctuations are not at the wall in a detached flow but
must be near the middle of shear layer.

From a cavitational point of view this is a very
important conclusion, as ARNDT and IpPEN [4, 6] con­
cluded from observations made on the growth of bubbles
in the boundary layer as would be expected from the
observation that the peak in the wall pressure spectrum is
due to fluctuations in this region.

In figure 3 a histogram is presented, which was
obtained by ARNDT and IpPEN [5] who measured the
frequency of cavitation incipience for approximatively
8.000 bubbles. The fullline correspond to the distribution
of bubbles which do not expand, while the dotted line
gives the distribution of expanding bubbles. In ail the
cases studied by ARNDT and IpPEN the highest frequency
of cavitational incipience occurred at an approx. (0.4­
0.5) ô from the solid wall. ARNDT and IpPEN [5, 6, 8]
consider that the only explication for the localization of
cavitation incipience at the middle of the boundary layer
is the fact that the minimum of pressure fluctuations
appears in this zone.

(45)

- (46)
1

H
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5. Relations for the cavitational scale. Effect due to
turbulence

Il follows from relations (IS) and (2S) that the effect of
turbulence on the cavitation coefficient tlCTr may be
expressed as

ïi ,2

tlCTr = (I-Cpmin)22 (isotropicflow) (47)
U.

U,2

tlCTr = (I-C pmin )2-;' (anisotropicflow) (48)
U.

and from relations (2S), (39) and (42) that

kR T w U 2

tlCTr = (l-C pmin ) /2U2 = (I-Cpmin)kR2-i (49)
P • U.

is the growth of the free-gas nuclei in the f1ow, rectified
diffusion being present. By way of illustration, the
experimental results obtained on a hemispherical-nosed
body and on the ITTC standard body are shown in
figures 5 and 6 respectively. These results point out the
influence of the turbulence level on the incipient of
cavitation. It should be noted that 1 corresponds to the
inception of the strip-type or attached-sheet-type cavi­
tation and II to the travelling-cavitation bubble appearing
away from the wall of the body and cavitating close to the
point Cp min.

Figure 7 from MURAI and IHARA [31] shows the
influence of the turbulence level for different bodies of
simple geometry.

or

and

and appears to be a good approximation of these data.
NAGANO et al. [32] determined the coefficient Cf for a

fiat plate boundary relaminirizing f10w and diffuser f1ow.
Using the local maximum shearing stress TM in relation

(2S), (3S), (4S), (46) it follows that

Figure 4, from ARNDT [S, 8] gives the cavitation data
obtained in boundary layers, jets and wakes.

The skin friction coefficient Cf is computed either
form measured wall shear stress or form measurements
made in air at comparable Reynolds number for the cases
of a free jet and wake
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7. Influence of turbulence on the cavitation on the inception
coefficient CT;.

(SI)

(SO)

(S2)

CI = (1 - Cp min) kR "" 16

Relations (47)-(S3) seem to have completely clarified
and solved the problem, as they express, in various
forms, the cavitation scale effect caused by turbulence. In
fact, the problem is not so simple and requires further
theoretical and experimental research. The turbulence
level may affect the value of the cavitation inception
coefficient in two ways: first, by the direct reduction of
the local static pressure by the turbulent pressure fluctu­
ations and second, by the growth of the gas bubble under
the conditions of the rectified gas diffusion.

MURAI and IHARA [31] showed that if the turbulent
pressure fluctuations were dominant, the constant kt in
(34) corresponded to the values computed by BATCHELOR
[9] and measured by UBEROI [43]. The experimental
value obtained by MURAI and IHARA [31] in velocity field
of 12 rn/sec., without measuring the air content, was
about 140 times higher than that obtained UBEROI.

This great difference is explained by the fact that the
dominant process in the water f10w displaying cavitation

6. Conclusions

Turbulence strongly influences the coefficients of cavi­
tation incipience CTi in a direct way, through the pressure
fluctuation, and also indirectly due to the intensification
of rectified gas diffusion in the cavitating bubble. The
relations established in the present work to exprime the
scale effect tlCTr due to turbulence, are based on the idea
that the maximum pressure fluctuations produced by
turbulence occurs at a distance from the wall, in particular
in the middle part of the boundary layer, attached or
detached. The effects of rectified diffusion in the con­
ditions of turbulence were neglected.

The above results concerning the cavitation incipience
scale effects due to turbulence, represent a step forward
in understanding this complex problems, which need
further theoretical and experimental investigations.
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