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L I S T E D E S SYMBOLES — L I S T O F SYMBOLS 

Sym­
boles 

2 b 

ea 

g 

k 

S I G N I F I C A T I O N 

largeur de la plaque, 

pression de vapeur à la surface de l'eau, 

pression partielle de vapeur dans l'air ambiant, 

accélération due à la pesanteur, 

constante de Karman et conductivité thermi­
que de l'air, 

width of plate, 

vapor pressure at the surface of the water, 

partial pressure of the water vapor in the 
ambient atmosphere, 

gravitational acceleration, 

Karman constant and thermal conductivity of 
air, 

C ) Cf. la Houille Blanche, n° 5, 1955, p. 704. 

Dimen­
sions 

L 

F / L -

F / L 2  

h/V 
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Sym­
boles SIGNIFICATION 

Dimen­
sions 

E intensité (ou taux) d'évaporation, evaporation rate, L / T 

F résistance totale, total drag, F 

Gr nombre de Grashof, Grashof number, 

L longueur de la paroi , length of evaporation boundary, L 

M t 
intensité globale de l 'évaporation pour x0 ^ 0, total rate of evaporation, when x0 0, F T / L 2 

M , intensité globale de l 'évaporation pour x0 = 0, total rate of evaporation, when x0 = 0, F T / L 2 

N nombre de Nnsselt, ou coefficient d'évapora­
tion, ou intensité de diffusion, 

Nusselt number or evaporation coefficient or 
ra te of diffusion, 

Nu nombre de Nusselt modifié pour l 'évaporation, modified Nusselt number for evaporation, 

Pi­ nombre de Prandt l , Prandtl number, 

l l 
Vx 

—— , nombre de Reynolds, 
V 

Reynolds number 

R , 
U T 
—— , nombre de Reynolds, 

v„ 
Reynolds number 

R(Ç) 
T 

e 

coefficient de corrélation pour « / , 

température, 

correlation coefficient for w' 

temperature, 

T' fluctuation de la température locale instanta­
née autour de sa valeur moyenne, 

fluctuation of local instantaneous temperature 
from the mean, 

To température moyenne de l 'air ambiant, mean temperature of ambient air, 

T , 

AT 

u« 

température moyenne dans le temps pour une 
plaque donnée au cours d'un essai, 

r T„ 

temporal mean temperature for individual 
plate during run, 

T , 

AT 

u« vitesse ambiante du mouvement moyen, ambient velocity of the mean motion, L / T 

u . vitesse moyenne de frottement à l 'extrémité 
aval de la surface considérée, 

mean shear velocity at the downstream end 
of the surface under consideration, 

L/T 

L 

x0 
distance, comptée vers l'aval, à par t i r de l'ex­

trémité de la paroi , 
distance downstream from the beginning of 

evaporation boundary, 
L 

8 épaisseur de la couche limite du mouvement, thickness of momentum boundary layer, L 

s coefficient de diffusion turbulente, eddy viscosity or turbulent diffusion coef­
ficient, 

a eonductivilé thermique. heat conductivity, 

'0 \ Â 7 p (J//V), 

it. viscosité dynamique de l 'air, dynamic viscosity of air, F T / L 2 

V viscosité cinématique de l'air (coefficient de 
diffusion moléculaire pour le transfert du 
mouvement, dans l 'air). 

kinematic viscosity of air (molecular dif-
fusivity coefficient for momentum transfer 
in air) , 

L 2 / T 

coefficient de diffusion moléculaire de la va­
peur d'eau dans l 'air, 

molecular diffusivity coefficient for water 
vapor into air, 

L 2 / T 

? masse spécifique de l 'air ambiant, density of ambient air, M/Iß 

<7 v/v e nombre de Prandt l , Prandt l number, 

T effort tangentiel dans un plan horizontal et 
selon x, 

shearing stress in a horizontal plane in the 
direction of x, 

M/LT 2 

T 0 effort tangentiel sur la paroi et selon x. shearing stress on the horizontal boundary in 
the direction of x. 

F / L 2 
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Sym­
boles SIGNIFICATION 

Dimen­
sions 

l longueur de mélange, mixing length, L 

II exposant, exponent, 

q taux de transfert de chaleur par unité de sur­
face et par unité de temps, 

rate of heat transfer per unit area and per 
unit time, 

F / L T 

t temps, time, T 

u composante de la vitesse locale instantanée se­
lon l'axe des x , 

local instantaneous velocity in the direction 
of X, 

L / T 

i f fluctuation de la vitesse locale instantanée au­
tour de sa valeur moyenne, dans la direc­
tion u, 

fluctuation of local instantaneous velocity from 
the mean in the direction of u, 

L / T 

V vitesse locale instantanée selon la direction ho­
rizontale normale à a, 

local instantaneous velocity in the horizontal 
direction perpendicular to u, 

L / T 

v' fluctuation de la vitesse locale instantanée au­
tour de sa valeur moyenne dans la direc­
tion V, 

fluctuation of local instantaneous velocity from 
the mean in the direction of v, 

L/T 

w composante verticale de la vitesse locale ins­
tantanée, 

local instantaneous velocity in the vertical 
direction, 

L / T 

w' fluctuation de la vitesse locale instantanée au­
tour de sa valeur moyenne dans la direc­
tion w, 

fluctuation of local instantanenous velocity 
from the mean in the direction of t o , 

L / T 

X distance comptée vers l'aval, à par t i r de l'ex­
trémité de la paroi expérimentale, 

distance downstream from the beginning of 
evaporation boundary, 

L 

x 1 

distance comptée vers l'aval, à par t i r de l'arête-
guide de la paroi , 

distance downstream from the leading edge of 
boundary, 

L 

u distance mesurée normalement à l'écoulement 
d'air, 

distance measured cross-wind, L 

z distance mesurée verticalement à par t i r de la 
surface de la paroi . 

distance measured vertically from the surface 
of evaporation boundary, 

L 

z l hauteur de référence, reference elevation, L 

A constante, constant, 

B constante, constant, 

C coefficient, a coefficient, F / L 2 

c,. coefficient d'évaporation, evaporation coefficient,, 

c , 
D . 

—.— T T

J ' • coefficient de frottement, 
x ' p U„2 /2 

drag coefficient , 

c „ ^ f*n of fì P î P T 1 f <~\ O t T " ì I I " f f I"*)" fi n f i l n l r i m - heat transfer coefficient c „ 
t t x m ljKJXjlA1*—lt51J l Uc U et USICI L U.C CILALCUL, 

o ll„ Cp AT 

heat transfer coefficient 

c . chaleur spécifique de l'air à pression cons­
tante, 

specific heat of air at constant pressure, L 2 / T 2 o F 

c,. tension de vapeur saturante à la température 
T 

saturation water vapor concentration at tem­
perature TT O, 

F / L 2 C ) 

Go tension de vapeur de l'air ambiant, water vapor concentration of ambient air, F / L 2 (*) 

D coefficient de diffusion, coefficient of diffusion, 

D,„ force de frottement pour une paroi de lar­
geur et de longueur unité 

drag force for boundary of unit width and 
length, 

F / L 

(*) Sauf dans les équations 27 et 28, où ce terme est 
sans dimension. 

(*) Except in Eqs. 27 and 28, where it is dimension-
less. 
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C H A P I T R E IV. — D É V E L O P P E M E N T S T H É O R I Q U E S 

Les p r inc ipe s f o n d a m e n t a u x de la p h y s i q u e 
de l ' évapora t ion , dé ta i l l és d a n s le c h a p i t r e II , 
cons t i tuen t la ba se et le p o i n t de d é p a r t des 
déve loppements q u i s e r o n t p r é s e n t é s d a n s les 
chap i t res qu i su iven t . 

On suppose q u e , d a n s ce r t a ines cond i t ions , u n 
cer ta in n o m b r e de ces p r i nc ipe s semble p r é s e n ­
ter, au po in t de vue de l ' é tude de l ' évapora t ion , 
une por tée p r é p o n d é r a n t e . D a n s d ' a u t r e s cond i ­
t ions, au c o n t r a i r e , ce s e ron t d ' a u t r e s p r i nc ipe s 
qui a u r o n t u n e p l u s g r a n d e i m p o r t a n c e . 

1° L ' évapora t ion p e u t s 'effectuer s e u l e m e n t p a r 
l'effet de la p e s a n t e u r et de la diffusion 
molécu la i r e . Ce cas es t dés igné sous la r u ­
b r i q u e : convec t ion l ib re ; 

2 ° S'il s 'agit d u m o u v e m e n t de l 'a i r a u - d e s s u s 
d ' u n e su r face qu i s ' évapore , les efforts 
d u s à la p e s a n t e u r sont , d a n s ce cas , 
m o i n s cons idé rab le s . E n effet, d a n s n o m ­
b r e de cas , l ' ac t ion de la p e s a n t e u r es t 
t ou t à fait ins igni f ian te . O n est convenu 
d ' appe le r ce t y p e d ' écou lemen t et de sys­
t è m e d ' évapo ra t i on : convec t ion forcée. 

D a n s ce c h a p i t r e IV, on cons idé re ra en p r e ­
mier lieu des d é v e l o p p e m e n t s t h é o r i q u e s d u s à 
des r eche rches scient i f iques a n t é r i e u r e s , avec 
que lques brèves exp l ica t ions de ces déve loppe­
men t s . 

On p o u r r a t r o u v e r les dé ta i l s de c h a c u n de 
ces d é v e l o p p e m e n t s p a r les ré fé rences a u x m é ­
moires o r ig inaux . E n généra l , il s 'agit ici du 

C H A P T E R I V 

THEORETICAL DEVELOPMENTS 

I he fundamental principles of the physics of evaporation a? 
outlined in Chapter II form the basis for and the starting point 
of the various developments presented in the following chapters 
Under some conditions, assumptions are made that certain of thf 
principles aifect the evaporation to a greater extent than others, 
while under different conditions certain other principles are assum­
ed to be of predominant importance. For example, on the one 
hand, evaporation may be occurring with only the forces of 
gravity and molecular diffusion effective. This type of system is 
known as free convection. On the other hand, air may be moving 
over the evaporating surface so that the gravitational forces be­
come of less importance—in fact, in many cases the gravitational 
effects are completely insignificant. This type of flow and evapora­
tion system is known as forced convection. 

Throughout this chapter, the theoretical developments of previous 
scientists are considered with only a brief explanation of the 
development. Additional detail regarding each development may 
be found by referring to the original paper. Generally speaking, 

t r a n s f e r t de la q u a n t i t é de m o u v e m e n t ou de 
c h a l e u r . D a n s ce cas , les é q u a t i o n s a n a l o g u e s d u 
t r a n s f e r t de m a s s e ( evapora t ion ) s e r o n t déve lop­
pées c i -après . 

F i n a l e m e n t , u n r é s u m é des é q u a t i o n s de l 'éva­
p o r a t i o n s e r a p r é s e n t é . E n m ê m e t e m p s , u n e c r i ­
t i que généra le de celles-ci s e ra fai te, c o m p t e t e n u 
des c o n n a i s s a n c e s ac tue l l e s . 

C o n v e c t i o n l ibre 

A la l imi te , il n ' y a u r a i t a u c u n m o u v e m e n t de 
l 'air a m b i a n t a u - d e s s u s d ' u n e su r f ace s o u m i s e 
au p h é n o m è n e de l ' évapo ra t i on . D a n s ce cas , t o u t 
m o u v e m e n t des mo lécu le s de v a p e u r n e se ra i t 
que m o u v e m e n t m o l é c u l a i r e et convec t ion l ibre . 

L a diffusion m o l é c u l a i r e exis te t o u j o u r s d a n s 
l 'a i r a u - d e s s u s d ' u n e su r face en é v a p o r a t i o n . 
Cette diffusion est p o u r t a n t e x t r ê m e m e n t l en te 
(en dépi t de la v i tesse élevée d u m o u v e m e n t m o ­
lécu la i re ) p a r c e q u e le l ib re p a r c o u r s m o y e n 
est e x t r ê m e m e n t r é d u i t — p a r t i c u l i è r e m e n t en 
c o m p a r a i s o n avec l ' inf luence des effets a scens ion ­
ne ls ou de p e s a n t e u r , d é t e r m i n a n t le m o u v e m e n t 
mo la i r e des molécu le s . 

Si la diffusion m o l é c u l a i r e p a r a î t d ' u n e i m p o r ­
t a n c e p r i m o r d i a l e , il p e u t se f o rmer , q u a n d la 
v a p e u r du l iqu ide qui s ' évapore est p l u s légère 
que le gaz a m b i a n t , u n sys t ème de c i r cu l a t i on en 
convect ion l ibre ( sans l ' i n t e rven t i on d ' u n ven t 
t r a n s v e r s a l ) qu i e n t r a î n e r a i t r a p i d e m e n t les m o ­
lécules de v a p e u r h o r s de la su r face . 

these developments are only for the case of momentum transfer 
or heat transfer, in which case the similar equations for mass 
transfer (evaporation) are developed herein. 

Finally, a summary of the resultant evaporation equations is 
presented, together with an over-all evaluation of them based upon 
the present-day knowledge of the subject. 

Free Convection 

As an extreme case, there may be no movement of the ambient 
air across the evaporating surface, in which case all movement of 
vapor molecules is by molecular motion and free convection only. 

The molecular diffusion is ever-present in the air above the 
evaporating surface. However, this diffusion is an extremely 
slow process (despite the high velocity of molecular movement! 
because the mean free path is so extremely small—especially 
when compared with the influence of bouyant or gravitational 
effects which may affect the molar movement of the molecules. 

On the one hand the molecular diffusion may be of prime 
importance. On the other hand, when the vapor of the evapora­
ting liquid is much lighter than the ambient gas a circulation pat­
tern of free convection may be set up (without a cross wind) 
which will cause rapid movement of vapor molecules away from 
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D a n s les cond i t ions de l ' expér ience , la diffu­
sion mo la i r e cont rô le le t a u x de t r a n s f e r t ou 
l ' évapora t ion . 

E n ce qu i c o n c e r n e la d é t e r m i n a t i o n m a thé­
m a t i q u e de la pe r t e de c h a l e u r à la f ron t iè re 
sous l ' influence de la seule convect ion l ibre , 
t rès peu de choses , m a l h e u r e u s e m e n t , on t été 
réa l i sées . 

Vu l ' i n t e r d é p e n d a n c e de la d i s t r i bu t i on des 
vi tesses et de celle de la t e m p é r a t u r e ou de 
l ' humid i t é , il f au t c h e r c h e r la so lu t ion d ' u n 
p r o b l è m e d o n n é p a r la r é so lu t ion s i m u l t a n é e des 
é q u a t i o n s du m o u v e m e n t et de la diffusion poul­
ie cas de l ' écou lement l a m i n a i r e et, d ' a u t r e p a r t , 
p a r des expér iences s y s t é m a t i q u e s p o u r le cas 
de l ' écou lement t u r b u l e n t . E n r a i s o n de la na ­
t u r e de ces équa t i ons , les r é s u l t a t s t h é o r i q u e s 
ob t enus p o u r la convect ion l a m i n a i r e l ibre son t 
t rès a b s t r a i t s et, en conséquence , r a r e m e n t a p ­
pl icables . P o u r le cas de la convect ion t u r b u ­
lente l ibre, les so lu t ions t h é o r i q u e s m a n q u e n t à 
cause de l ' absence d ' u n e théor ie décisive de la 
t u r b u l e n c e . 

Toutefo is , en dépi t de la difficulté m a t h é m a ­
t i que r e n c o n t r é e , on p e u t avoir u n e in tu i t i on 
généra le du p r o b l è m e p a r des cons idé ra t ions 
d ' ana lyse d imens ionne l l e . 

L ' ana lyse d imens ionne l l e p e u t ê t re expr imée 
sous la f o r m e m a t h é m a t i q u e su ivan te : 

T — T 0 _ p / * ?/ t Ç j , AT f~ g b*\ m 

~ T „ ~ 1 \b ' "b ' " k ' T n ' y.2 ) u ; 

ou : 

_ _ _ _ _ _ F 2 ( - , - , — , g r — J (8) 

où b est la demi - l a rgeu r de la p l aque , x et y les 

d i rec t ions des coordonnées d a n s u n p l a n ve r t i ­
cal, !_ la viscosi té d y n a m i q u e , p la dens i t é , k la 
conduc t iv i té t h e r m i q u e , C„ la c h a l e u r spécif ique 
à p ress ion cons t an t e , T 0 la t e m p é r a t u r e a m ­
b i a n t e en échelle absolue , T la t e m p é r a t u r e en 
u n p o i n t que lconque , g l ' accé léra t ion de la p e ­
s a n t e u r et AT la différence e n t r e la t e m p é r a t u r e 
de la sur face et la t e m p é r a t u r e de l 'a i r a m b i a n t . 

Un fait d ' i m p o r t a n c e p r i m o r d i a l e d a n s cet te 
ana lyse est le su ivan t : la d i s t r i bu t i on de la t e m ­
p é r a t u r e et, en conséquence , le t r a n s f e r t de c h a ­
leur sont des fonct ions des p a r a m è t r e s géomé­
t r i ques , du n o m b r e de P R A N D T L , de la différence 
de t e m p é r a t u r e e n t r e la su r face de l 'a i r a m b i a n t 
et du n o m b r e de G R A S H O F . On p o u r r a i t e m p l o y e r 
u n e tel le ana lyse p o u r d i r iger des r e c h e r c h e s u l ­
t é r i eu res , t héo r iques et e x p é r i m e n t a l e s . 

C O N V E C T I O N L A M I N A I R E L I B R E : 

D a n s le cas de la convect ion l a m i n a i r e l ibre , 
il n ' ex i s te que deux so lu t ions t h é o r i q u e s : l ' une , 
p o u r la p l a q u e ver t ica le , qu i es t due à P O H L H A U -

S E N , et l ' au t re , p o u r u n po in t - source , qu i es t d u e 
à Y m [ 3 2 ] . 

A p a r t i r des é q u a t i o n s su ivan tes , de m o u v e ­
men t , de diffusion et de con t inu i t é , P O H L H A U S E N 

a ob tenu deux équa t ions différentielles q u ' o n a 
réso lues en t e n a n t compte de ce r t a ines cond i ­
t ions à la f ron t iè re : 

, 3 » . du 3 2 u , T — T n 

h — l y — _ v L a <± (9) 

„ 3 T . 3 T 3 2 T 

| ^ + | - = O (11) 
c>x du 

the evaporating surface. Under these conditions molar diffusion 
controls the rate of transfer or evaporation. 

Unfortunately, very little has been done with respect to 
mathematical determinations of the heat loss from a horizontal 
boundary under the influence of free convection only. Because 
of the interdependence of the velocity distribution and the distri­
bution of temperature or moisture, the solution for a given problem 
must be found by solving simultaneously the equations of motion 
and of diffusion in the case of laminar flow, and by systematic 
experimentation in the case of turbulent flow. Due to the nature 
of these equations, however, theoretical results for laminar free 
convection are very difficult and consequently few in number. 
For the case of turbulent free convection, there is a lack of a 
conclusive theory of turbulence so that theoretical solutions are 
completely non-existent. 

Despite the mathematical difficulties, however, it is possible to 
gather insight into the problem from the general viewpoint bv 
considering a dimensional analysis of the variables involved. 
Such an analysis may be expressed as : (7) 

or : (8) 

in which b is one-half the width of the plate, x and y are coor­
dinate directions in the vertical plane, u is the dynamic viscosity, 
{) is the density, k is the thermal conductivity, C ? ) is the specific 
heat at constant pressure, T ( | is the ambient temperature on the 
absolute scale. T is the temperature at any point and g is the 
gravitational acceleration and A T is the difference between the 
ambient and plate temperatures. 

Of primary importance in this dimensional analysis is the fact 
that the temperature distribution and hence the heat transfer is a 
function of the parameters describing the geometry, the Prandtl 
number, the relative temperature difference between the plate 
and the ambient air T, and the Grashof number. Such a dimen­
sional analysis can be utilized in guiding future research—both 
theoretical and experimental. 

Laminar free convection 

In the laminar case of free convection, there exist only two 
theoretical solutions. One for a vertical plate by Pohlhausen 
and the other for a point source by Yih [32]. 

Beginning with the equations of motion, diffusion, and 
continuity : (9) (10) (ID 
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avec les va l eu r s d é t e r m i n é e s e x p é r i m e n t a l e m e n t 
et en s u p p o s a n t q u e le n o m b r e de P R A N D T L 

a = 0 , 7 3 3 , la so lu t ion de P O H L H A U S E N p e u t ê t re 
uti l isée p o u r t r o u v e r la va l eu r m o y e n n e d u coeffi­
cient de cha l eu r , h m : 

/ , R O = 0 , 4 7 9 A ^ £ L ^ r _ ( 1 2 ) 

où v est la viscosi té c i n é m a t i q u e . Il y a q u e l q u e 
temps, L O H E N Z a d é t e r m i n é e x p é r i m e n t a l e m e n t 
une équa t ion . Celle-ci, ap rè s a j u s t e m e n t , d o n n e 
la va leur 0 , 5 1 3 p o u r le coefficient, l eque l p e u t 
èlre c o m p a r é à la v a l e u r 0 , 4 7 9 f ou rn ie p a r l ' équa­
tion ( 1 2 ) . 

E n i n t r o d u i s a n t les n o m b r e s de G R A S H O F et de 
N U S S E L T , Gr et h L / A - , on p e u t écr i re l ' équa t ion 
( 1 2 ) sous la f o r m e simplifiée su ivan t e : 

N = 0,479 G r 1 ' 4 ( 1 3 ) 

cette é q u a t i o n doi t ê t re c o m p a r é e à l ' équa t ion (8) 
r é su l t an t de l ' ana lyse d imens ionne l l e . 

son t les n o m b r e s de N U S S E L T , de G R A S H O F et de 
P R A N D T L . 

H I C K O X [ 1 3 ] a u t i l i sé ces p a r a m è t r e s p o u r 
l ' évapora t ion et a o b t e n u e n s u i t e l ' équa t i on e m ­
p i r i q u e s u i v a n t e : 

N = 0 , 6 4 5 (Gr G) ( 1 5 ) 

C O N C L U S I O N : 

1 ) Bien qu ' i l exis te des d é v e l o p p e m e n t s m a ­
t h é m a t i q u e s t r a i t a n t de la convec t ion l a m i n a i r e 
l ibre , les é q u a t i o n s f inales sont , en généra l , t r è s 
difficiles à r é s o u d r e . De p l u s , on i g n o r e complè ­
t e m e n t les é q u a t i o n s basées s u r la t h é o r i e m a ­
t h é m a t i q u e de la t u r b u l e n c e q u i t r a i t e n t de la 
convec t ion l i b r e ; 

2 ) L ' a n a l y s e d i m e n s i o n n e l l e et les é q u a t i o n s 
t r ouvées e m p i r i q u e m e n t d é m o n t r e n t q u e les va­
r i ab les les p l u s i m p o r t a n t e s , à p a r t les p a r a m è ­
t r e s g é o m é t r i q u e s , son t les n o m b r e s de N U S S E L T , 

de G R A S H O F et de P R A N D T L . 

C O N V E C T I O N T U R B U L E N T E L I B R E : 

On a vu p r é c é d e m m e n t que la so lu t ion des 
équa t ions p o u r la convect ion t u r b u l e n t e l ibre est 
e x t r ê m e m e n t difficile à t r o u v e r . Cependan t , on a 
fait dés expér iences en vue de d é t e r m i n e r expé­
r i m e n t a l e m e n t c e r t a ine s é q u a t i o n s . P a r exem­
ple, les r é s u l t a t s de J A C O B et L I N I Œ [ 1 5 ] p e u v e n t 
être r e p r é s e n t é s sous la f o r m e : 

N = 0 , 2 7 3 (Gr ( 1 4 ) 

Cela d é m o n t r e q u e les f ac t eu r s f o n d a m e n t a u x 

C o n v e c t i o n f o r c é e 

D a n s le cas d ' u n ven t t r a n s v e r s a l a u - d e s s u s ou 
a u t o u r d ' u n e su r f ace e n évapo ra l i on , les m o l é ­
cules sont e m p o r t é e s lo in de la su r face , de 
sor te q u e la c o n c e n t r a t i o n i m m é d i a t e à la s u r ­
face es t r é d u i t e . 

U n g r a d i e n t de c o n c e n t r a t i o n s 'é tabl i t . L e 
n o m b r e des mo lécu le s r e v e n a n t à la su r face s 'en 
t r o u v e d i m i n u é et la p e r t e ne t t e des molécu le s , 
c 'es t -à-di re l ' évapora t ion , es t a u g m e n t é e . Alors , 
le m o u v e m e n t n ' e s t p l u s le r é s u l t a t de l a p e s a n -

Pohlhausen obtained two ordinary differential equations which 
were solved simultaneously with certain boundary conditions. By 
assuming values determined experimentally and by assuming the 
Prandtl Number a — 0.733, Pohlhausen's solution may be used to 
obtain the mean coefficient of heat transfer hm : (12) 
where v is the kinematic viscosity. Lorenz determined experiment­
ally at an earlier date an equation which when converted gave a 
coefficient of 0.513 as compared with the coefficient 0.479 in 
Eq 12. 

By utilizing the Grashof number Gr and the Nusselt number 
N = nL/k, Equation 12 may be written in simplified form a s : 

(13) 
This equation should be compared with Equation 8 resulting from 
the dimensional analysis. 

Turbulent free convection 

As discussed previously the solution of the equations for tur­
bulent free convection is very difficult. However, experiments 
have been made so that certain equations have been determined 
experimentally. For example the results of Jacob-and Linke[15] 
may be represented as : (14) 
again demonstrating that the primary factors involved are the 
Nusselt number, the Grashof number, and the Prandtl number. 

Hickox [13] adjusted these parameters for evaporation and 
obtained through his experiments the following empirical equa­
tion : (15) 

Conclusions 

1. Although there are certain mathematical developments to 
express laminar free convection, the final equations are generally 
very difficult to solve. Equations based on mathematical theory 
for turbulent free convection, however, are simply non-existent 

2. The dimensional analysis and the equations that have been 
determined empirically demonstrate that aside from the goemetrical 
parameters describing the geometry, the variables which are most 
important are the Nusselt number, the Grashof number, and the 
Prandtl number. 

Forced Convection 

When a cross-wind exists over or around an evaporating sur 
face, the molecules are carried away from the surface so that 
the concentration immediately adjacent to the surface is reduced, 
a concentration gradient is established, the number of molecules 
returning to the surface is reduced, and the net loss of molecules 
or evaporation is increased. In this case the motion is not a result 
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t eu r ag i s san t l i b r emen t su r le sys t ème concur ­
r e m m e n t avec le m o u v e m e n t molécu la i re , m a i s 
il est p r o d u i t p a r u n e ac t i on ex té r i eu re au 
sys tème . 

Le m o u v e m e n t de convec t ion forcée p e u t r é ­
su l t e r d ' u n é c o u l e m e n t te l q u e t ou t e sor t ie des 
molécules q u i s ' évaporen t , se p r o d u i s e s eu lemen t 
p a r diffusion molécu la i r e . On appel le ce type : 
écou lemen t l a m i n a i r e . Il p o u r r a i t , d ' a i l l eurs , r é ­
su l t e r p a r t i e l l e m e n t de la convect ion l ibre. Mais 
q u a n d la vi tesse t r a n s v e r s a l e a u g m e n t e , l ' in­
fluence de la convec t ion forcée devient p r é d o m i ­
n a n t e et a lo r s celle de la convect ion l ibre est 
négl igeable . 

L ' écou lemen t l a m i n a i r e p r e n d r a de l ' impor ­
t ance d a n s u n sys t ème s ' évaporan t en convect ion 
forcée, si le n o m b r e de R E Y N O L D S ne dev ien t p a s 
t r o p g r and . Mais d a n s la m e s u r e où la convec­
t ion forcée s 'accroî t (ou p l u s e x a c t e m e n t q u a n d 
le n o m b r e de R E Y N O L D S s 'élève), l ' écoulement 
c o m m e n c e à deven i r i n s t ab l e et il en r é su l t e fina­
l emen t u n écou lemen t t u r b u l e n t où la diffusion 
mola i re favorise la sor t ie des molécu les de va­
peur . Ce m o u v e m e n t est c o n s i d é r a b l e m e n t p l u s 
g r a n d q u e celui q u ' o n observe d a n s le m o u v e ­
m e n t molécu la i r e seul . Q u o i q u e la diffusion m o ­
lécula i re pu i s se l ibérer les molécu les a u t a n t que 
l ' écoulement l a m i n a i r e , la diffusion m o l a i r e est 
si g r a n d e que , p a r c o m p a r a i s o n , la diffusion 
molécu la i re est négl igeable . 

D a n s la d i scuss ion de la convect ion forcée, 
on cons idère donc deux écou lemen t s : l a m i n a i r e 
et t u r b u l e n t , en t e n a n t compte , p o u r le dern ie r , 
de l ' équat ion f o n d a m e n t a l e de diffusion. 

E c o u l e m e n t l a m i n a i r e 

Au débu t du siècle dern ie r , P R A N D T L ( 1 9 0 4 ) [ 2 0 ] 

a p ré sen té sa no t ion c lass ique de couche l imite , 

il a énoncé le p r inc ipe selon lequel l ' inf luence de 
la viscosi té est l imi tée à u n e couche fluide r e l a ­
t i vemen t m i n c e a d h é r a n t à la p a r o i cons idé rée . 
Cela n o u s a m è n e à la t héo r i e de la couche 
l imi te . 

O n p e u t r a p p r o c h e r la no t ion de couche l imi te 
de la no t ion ana logue de couche de v a p e u r , d a n s 
le cas de l ' évapora t ion . Ainsi , o n d é t e r m i n e r a la 
d i s t r i bu t ion de v a p e u r d a n s cet te couche a u 
m o y e n d ' équa t ions semblab les à celles q u ' o n e m ­
ploie d a n s le ca lcul de la d i s t r i bu t i on de la vi­
tesse d a n s u n e couche l imi te . 

uo . To . "c , q , AC 

y . v . V 

Les équa t ions c lass iques de N A V I E R - S T O K E S 

de l ' écoulement à deux d i m e n s i o n s son t : 

du , du , du 1 dp , fd2u . d2u\ 
dl + + v-dJ = 7 ^ + v (a* + diW) 

(16) 

dv du du 1 3 p , / 3 2 » , 3 f £ \ 

dt + U dx + " dy — ç dy + " \Za* dif) 

of the force of gravity acting freely on the system together with 
the molecular motion. Instead a pattern of motion is forced upon 
the system from outside. 

The motion of forced convection may result in a system of 
flow whereby all outward motion of the evaporating molecules is 
by molecular diffusion only. This type of flow is called laminar 
flow which may, on the one hand, be in part a result of free 
convection. As the cross velocity is increased on the other hand, 
forced convection becomes predominant and the influence of free 
convection is negligible. 

Laminar flow will prevail in an evaporating system with forced 
convection, provided the Reynolds number of the flow does not 
become too great. However, as the forced convection becomes 
stronger (or more exactly as the Reynolds number increases) the 
flow pattern becomes unstable—eventually giving way to turbulent 
flow where molar diffusion causes an outward rate of movement 
of the vapor molecules many, many times greater than that which 
exists for molecular diffusion alone. Although the molecular dif­
fusion continues to carry the molecules outward as effectively as 

for laminar flow, the molar diffusion is so extremely great that 
by comparison the molecular diffusion is ins\gnificant. 

As a part of the discussion of forced convection, therefore, 
consideration is given both to laminar flow and to turbulent flow—• 
the latter also considering the fundamental equation of diffusion. 

Laminar Flow 

Early in the present century (1904), Prandtl [20] presented 
his classic concept of the boundary layer. He reasoned that the 
influence of viscosity is confined to a relatively thin layer of fluid 
adjacent to a boundary. This reasoning led to what is now 
known as the boundary layer theory. 

The concept of the boundary layer may be carried to a similar 
concept of a vapor layer for the case of evaporation, and the 
distribution of vapor within this vapor layer may be determined 
by the use of equations similar to those employed for the velocity 
distribution within the boundary layer. 

The classic Navier-Stokes equations for two-dimensional flow 
are : (16) 
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P a r a i l l eurs , l ' é q u a t i o n de c o n t i n u i t é es t 

du 
+ ^ = 0 

dx dy 
(17) 

où u et v son t les c o m p o s a n t e s de la vi tesse, 
t le t emps , p la p re s s ion , ? la m a s s e spécifique 
et v la viscosi té c i n é m a t i q u e . 

Au m o y e n d ' h y p o t h è s e s s impl i f ica t r ices et de 
cons idé ra t ions d ' o rd r e de g r a n d e u r des diffé­
ren t s t e r m e s , les é q u a t i o n s (16) p e u v e n t ê t re r é ­
dui tes à la fo rme simplif iée : 

du , du 
u -= Y v —— = v 

dx dy dif 
(18) 

Deux de ces h y p o t h è s e s son t q u e (dç/dx) = 0 
et que l ' é cou lemen t es t p e r m a n e n t . De la m ê m e 
façon, on p e u t éc r i re l ' équa t ion s u i v a n t e p o u r 
le t r ans fe r t de c h a l e u r et le t r a n s f e r t de v a p e u r : 

dT_ 
dx 

dx 

dT 3 2 T 
dlf 

dz pr 

° Vy* 

(19) 

(20) 

où a. = k/CJlç est la conduc t iv i t é t h e r m i q u e , 
v„ = (v/a) celle de la v a p e u r e t pv es t la p r e s s ion 
de vapeur . 

B L A S I U S a t i r é des é q u a t i o n s (17) et (18) u n e 
équa t ion de la d i s t r i b u t i o n de la v i tesse d a n s u n e 
couche l imi te l a m i n a i r e , l aque l le p e u t ê t r e com­
binée avec l ' équa t ion de l'effort t o t a l t a n g e n t i e l : 

F — b Q T„ dx = b v. (• 
L / du 

. ) dx (21) 
dy Jv=o 

d o n n a n t l ' équa t i on b ien c o n n u e d u coefficient de 
rés i s tance d a n s l ' é cou lemen t l a m i n a i r e : 

Cf = 1,328/VB" (22) 

où b es t la l a rgeu r , L la l o n g u e u r de la s u r ­
face, F l 'effort t o t a l t a n g e n t i e l , R le n o m b r e de 
R E Y N O L D S U L / V et U la v i tesse a m b i a n t e . Bien 
q u e les é q u a t i o n s (21) et (22) c o n c e r n e n t seu le ­
m e n t le t r a n s f e r t de la q u a n t i t é de m o u v e m e n t , 
on p e u t , p a r ana log ie , d é d u i r e des é q u a t i o n s 
semblab les p o u r le t r a n s f e r t de c h a l e u r : 

Jo \ 

dT 

0,664 

G-2/3 V Î T 

dx (23) 

(24) 

et celles d u t r a n s f e r t de v a p e u r ( evapora t ion ) : 

J0 \dy Jv=o 

0,664 

c 2 / 3 VR~ 
(26) 

où R con t i en t la v iscosi té c i n é m a t i q u e et « d é p e n d 
d u fluide p a r t i c u l i e r . Q u a n d l a c o u c h e l imi t e 
ou la couche de v a p e u r c o m m e n c e a u bo rd a m o n t 
de la pa ro i , ce q u i es t le cas p o u r les é q u a t i o n s 
p r é c é d e n t e s , le p r o b l è m e est b e a u c o u p p l u s s im­
ple q u e d a n s le cas de l ' évapora t ion c o m m e n ç a n t 
cmelque peu en aval d u b o r d a m o n t de la p a r o i . 
D a n s ce d e r n i e r cas , la c o u c h e d ' é v a p o r a t i o n est 
e n f e r m é e d a n s u n e couche l imi t e qu i s 'est déve­
loppée à p a r t i r du b o r d a m o n t de la f ron t i è r e , en 
i n t r o d u i s a n t p a r là u n e va r i ab l e s u p p l é m e n t a i r e : 
la d i s t ance . t / — xn. Ici, on n e p e u t p a s u t i l i s e r 
la m é t h o d e employée p o u r ob ten i r l ' équa t ion (26) 
et a ins i l ' équa t ion (25) se r é s o u d c o m m e é q u a ­
t ion a u x dér ivées pa r t i e l l e s . 

Au m o y e n de la m é t h o d e de r e l a x a t i o n e t p a r 
l ' emplo i de fonc t ions c a r a c t é r i s t i q u e s (Cf : Y ï h 

and ihe equation of continuity is : (17; 
where u and v are the velocity components in the x and y direc­
tions, ( is the time, p is the pressure, Q is the mass density, and 
V is the kinematic viscosity. 

By making simplifying assumptions and considerations of orders 
of magnitude of the various terms, Equation 16 may be simplified 
to a single equation : (18) 
two of the assumptions being that 0 Q / 3 I ) = 0 and that the 
flow is steady. Similarily, it is possible to write the following 
equations for heat-transfer and vapor transfer : (19) (20) 
where a _ k/C^Q is the heat conductivity, \ ' c = (v/o) is the 
vapor conductivity, and pv is the vapor pressure. 

By utilizing Equations 18 and 17, Blasius derived an equation 
for the velocity distribution in a laminar boundary layer, which 
may be combined with the total shear equation : (21) 
to yield the well-known drag equation for laminar flow : 

(22) 
where b is the width and L is the length of the plate, F is the 
total drag, R is the Reynolds number UL/v, and U is the am­
bient velocity. 

Although Equations 2! and 22 are for momentum transfer 
only, it is possible by analogy to deduce similar equations for 
heat transfer : (23) (24) 
and for vapor transfer (evaporation) : (25) 

(25) (26) 
where R contains the kinematic viscosity, and a must be selected 
for the particular fluids involved. 

When the boundary layer or the vapor layer begins at the up­
stream edge of the boundary, as is the case in the foregoing 
equations, the problem is much simpler than for the case of 
evaporation which begins downstream from the upstream edge of 
the boundary. In the latter case the evaporation layer is enclosed 
within a boundary layer which has developed from the upstream 
edge of the boundary, thereby introducing an additional variable 
—the distance x — xg. In this case the procedure utilized to 
obtain Equation 26 cannot be employed, and Equation 25 remains 
as a partial derivative. 

By means of the relaxation method and the use of eigen-func-
tion, see Yih [33], it is possible to obtain the following solutions 
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[ 3 3 ] ) , il es t poss ible d 'ob ten i r les so lu t ions su i ­
van te s où M t est le t a u x to ta l d ' évapora t ion 
q u a n d x0 ^ 0 et M 2 est le t a u x c o r r e s p o n d a n t 
q u a n d x0 = 0 : 

M l = v « \ / ^ [ ( } ' 5 5 2 (x^/2— 1 } 

+- 0,093 log c (2 xh — 1 + Var L

a — x L ) ] (c, — c 0 ) . e (27) 

M a = vc Y / i ^ s - [ 0,552 ( x L — (c. — c0) P (28) 

où : 

, T | j = .x ' /x 0 . 

La table su ivan t e m o n t r e l ' inf luence de la d is ­
t a n c e d ' a p p r o c h e à l ' a m o n t de la sur face d 'éva­
po ra t i on . 

xh 1 2 3 4 5 10 20 

Mj/Ms 0,34 0,71 0,79 0,83 0,86 0,93 0,96 

M a l h e u r e u s e m e n t , d a n s les t r a v a u x expér i ­
m e n t a u x e n t r e p r i s en vue de la r e c h e r c h e d u 
t r a n s f e r t de c h a l e u r et de Févapora t ion , on n 'a 
p a s cons idéré l'effet de cet te d i s t ance d ' app roche 
su r le t r a n s f e r t de c h a l e u r et Févapora t ion . P o u r 
vérifier les r é s u l t a t s p r écéden t s , on a e x a m i n é 
les t r a v a u x e x p é r i m e n t a u x d'Ei.iA.s [ 1 1 ] . Il a em­
ployé u n e d i s t ance d ' a p p r o c h e de 10 cm et a p r o ­
cédé aux m e s u r e s de la pe r t e de c h a r g e su r u n e 
surface de 50 cm de long. E n se se rvan t d ' un r a p ­
por t xL = 6, la t ab le p r écéden t e m o n t r e qu ' i l 
existe u n e différence sens ib l emen t égale à 12 % 
à p a r t i r d ' une so lu t ion avec la condi t ion xQ = 0. 

Su ivan t les m e s u r e s d'ELiAs, ce t te différence 
devra i t ê t re m o i n d r e que 12 %. Cependan t , l'ef­
fet de la convect ion l ibre p r é s e n t e u n a p p o r t 

c o m p e n s a t e u r f o u r n i s s a n t p a r là, du m o i n s en 
pa r t i e , des vérif icat ions par t ie l les des é q u a t i o n s 
(27) et (28). 

Su r la base du p r inc ipe d 'ana logie , les é q u a ­
t ions (27) et (28) do ivent s ' app l ique r à Févapo­
ra t i on . On d o n n e r a u n e c o m p a r a i s o n de ces 
é q u a t i o n s p o u r le cas de Févapora t ion d a n s le 
c h a p i t r e VI. 

Comme l ' écou lement l a m i n a i r e n e c o m p r e n d 
que la diffusion molécu la i r e des molécu les s ans 
la diffusion mola i r e c o m m e d a n s l ' é cou lemen t 
t u rbu l en t , le p rob l ème est simplifié ma té r i e l l e ­
m e n t au po in t de vue m a t h é m a t i q u e q u a n d o n 
le c o m p a r e a u x difficultés r e n c o n t r é e s d a n s l 'ex­
p re s s ion de l ' écoulement t u r b u l e n t ; on le ve r r a 
d a n s le p a r a g r a p h e su ivan t . 

E c o u l e m e n t turbu lent 

Q u a n d le n o m b r e de R E Y N O L D S dev ien t assez 
g rand , on sait que l ' écoulement , t ou t en r e s t a n t 
l amina i r e , devient ins tab le . L'effort t angen t i e l , 
a u x différents po in t s du fluide, dev ien t a lo r s si 
élevé que des tourb i l lons se déve loppent . Avec 
u n acc ro i s semen t p lus g r a n d encore d u n o m b r e 
de R E Y N O L D S , le réseau en t ie r de l ' é cou lemen t 
peu t con ten i r de n o m b r e u x tourb i l lons q u i dé­
t e r m i n e n t u n rég ime t u rbu l en t s o u m i s a u x lois 
du h a s a r d . D a n s ces condi t ions , les é q u a t i o n s de 
N A V I E R - S T O K E S ne sont p lus va lab les . L a r a i s o n 
p r inc ipa le en est que le t e rme de viscosi té n e 
r ep résen te que la diffusion mo lécu l a i r e de la 
q u a n t i t é de m o u v e m e n t , t and i s q u ' e n r é g i m e t u r ­
bu len t , la diffusion mola i re est si élevée q u e la 
diffusion molécu la i re devient r e l a t i v e m e n t ins i ­
gnif iante. Il est t o u j o u r s possible d ' a j o u t e r a u x 

where Mj is the total rate of evaporation when xn # 0 and M 2 

is the total rate of evaporation when x() — 0, (27) (28) 
where Xjt = x'/x0. The following table shows the influence of 
the approach boundary upstream from the evaporating surface 
based on Eqs 27 and 28. 

Unfortunately, in the experimental work which has been done 
in both heat transfer and evaporation research no consideration 
has been given to the effect of this upstream approach boundary 
upon the heat transfer and evaporation. In an attempt to verify 
the afore mentioned derivations, the experimental work of 
Elias [11] was examined. Elias used an approach length of 
10 cm and he measured the heat loss from a surface 50 cm in 
length. Using the ratio of xh = 6, the foregoing table shows 
that approximately a 12 % difference exists from the solution for 
the condition where xQ — 0. 

According to the measurements of Elias, this difference should 
be less than 12 %. However, the free convection offers a com­
pensating effect, thereby supplying at least a partial verification 
of Equations 27 and 28. 

On the basis of the analogy principle Equations" 27 and 28 

should be applicable equally well to evaporation. The comparison 
of these equations for the case of evaporation is included in 
Chapter VI. 

Because laminar flow involves only molecular diffusion of the 
molecules, without molar diffusion as in turbulent flow, the problem 
is materially simplified from the mathematical viewpoint as com­
pared with the difficulties of expressing turbulent flow as shown 
in the next section. 

Turbulent Flow 

Once the Reynolds number of a flow system becomes sufficient­
ly large, the flow becomes unstable as laminar flow and the 
shear at various local points becomes so great that vortices develop. 
With further increase in Reynolds number of the entire flow 
pattern may contain numerous vortices which break down into 
random turbulence. Under these circumstances the Navier-Stokes 
equations are no longer applicable. The primary reason for this 
situation is that the viscosity term represents only molecular dif­
fusion of the momentum, whereas with turbulence present the 
molar diffusion is so very great that the molecular diffusion is 
insignificant by comparison. To add the various coefficients of 
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équa t ions de N A V I E R - _ T O K . E S , d a n s c h a c u n e des 
d i rec t ions d ' axes , des coefficients différents de 
viscosité des tourb i l lons (pour la diffusion m o ­
laire) et des t e r m e s de v i tesse i n s t a n t a n é e . Tou ­
tefois, le r é s u l t a t en est si compl iqué , q u ' e n p r a ­
t ique, ce t te ad jonc t i on est va ine . I l es t donc 
nécessa i re d ' e m p l o y e r d ' a u t r e s p rocédés , p o u r r é ­
soudre , m a t h é m a t i q u e m e n t , le p r o b l è m e de l 'éva-
pora t ion r é s u l t a n t de l ' é cou lemen t t u r b u l e n t . 

Un g roupe de d é v e l o p p e m e n t s m a t h é m a t i q u e s 
prov ien t de l ' ana logie d é m o n t r é e p a r R E Y N O L D S 

en t re le t r a n s f e r t de la q u a n t i t é de m o u v e m e n t 
et le t r a n s f e r t de c h a l e u r . P l u s t a r d , ce t te a n a l o ­
gie a été l 'objet d ' ex tens ions fai tes p a r P R A N D T L , 

T A Y L O R , K A R M A N , H O F F M A N N et M A T T I O L I . Cha­
cun de ces essa is ava i t p o u r b u t d ' é t e n d r e ou de 
développer les é q u a t i o n s o r ig ina les de R E Y N O L D S . 

Un a u t r e g r o u p e de d é v e l o p p e m e n t s m a t h é m a ­
t iques a été p r é s e n t é su r la ba se de la t héo r i e d u 
t r ans f e r t de m a s s e . Ces ex t ens ions o n t été four­
nies p a r S U T T O N (avec modi f ica t ions pai 1

 M M . P A S -

Q U I L L , Y I H et d ' a u t r e s ) , F R O S T , T H O R N T H W A I T E 

et H O L Z M A N , M I L L A R et S V E R D R U P . 

L ' A N A L O G I E D E R E Y N O L D S E T S E S E X T E N S I O N S : 

E n 1875, R E Y N O L D S [25] p r é t e n d i t qu ' i l exis­
ta i t u n e ana log ie complè t e e n t r e le t r a n s f e r t de 
la q u a n t i t é de m o u v e m e n t et le t r a n s f e r t de la 
cha leur . Il p e n s a i t que la v iscosi té des t o u r b i l ­
lons e é t a n t t r è s s u p é r i e u r e à la v iscosi té mo lé ­
cula i re v, la d i s t r i b u t i o n de la v i tesse é ta i t a n a ­
logue à la d i s t r i bu t i on de la c h a l e u r . Il s embla i t 
donc logique de p o u s s e r l ' ana logie j u s q u ' à cons i ­
dérer les r e l a t i ons p o u v a n t exis ter e n t r e l ' évapo-

r a t i o n et la c o n c e n t r a t i o n de la v a p e u r . O n a 
m o n t r é , p a r a i l l eu rs , q u e ce t te a r g u m e n t a t i o n 
est t r è s exac te q u a n d il n ' y a p a s de g r a d i e n t 
de p r e s s ion et q u a n d e > > v. Toute fo i s , l ' ana lo ­
gie de R E Y N O L D S n ' e s t p a s va lab le d a n s le voi­
s inage d ' u n e p a r o i sol ide et, m a l h e u r e u s e m e n t , en 
ce qu i c o n c e r n e le t r a n s f e r t de c h a l e u r e t l ' éva-
p o r a t i o n , u n e p a r o i e s i s t e p r e s q u e t o u j o u r s . 
D a n s ces cond i t i ons , on n e p e u t e m p l o y e r l ' idée 
d ' ana log ie de R E Y N O L D S s a n s la modif ier . D a n s 
le d é v e l o p p e m e n t s u i v a n t , on c h e r c h e r a à expl i ­
q u e r l ' ana log ie en r e l a t i o n avec le t r a n s f e r t de 
c h a l e u r . 

E n c o n s i d é r a n t le t r a n s f e r t de la q u a n t i t é de 
m o u v e m e n t , l ' é q u a t i o n s u i v a n t e de diffusion s ' ap­
p l ique p o u r le m o u v e m e n t pa ra l l è l e m o y e n : 

T = _ Î X i L _ - _ o U ' „ ' (29) 

E t p o u r le t r a n s f e r t de c h a l e u r : 

q — — k 4 - C» ? ~ T 7 (30) 
dy 

où T est l'effort t a n g e n t i e l ou le t a u x d u t r a n s f e r t 
de la q u a n t i t é de m o u v e m e n t p o u r l ' un i t é d ' a i r e 
et de t e m p s , q le t a u x d u t r a n s f e r t de c h a l e u r 
p o u r l ' un i t é d ' a i r e e t de t e m p s , u. la v iscos i té dy ­
n a m i q u e (ou le coefficient de diffusion m o l é c u ­
la i re p o u r la q u a n t i t é de m o u v e m e n t ) , À* la con-
duc t iv i t é t h e r m i q u e (ou le coefficient de diffusion 
mo lécu l a i r e de c h a l e u r ) , C p la c h a l e u r spécif ique, 
u la v i tesse , et T la t e m p é r a t u r e en u n p o i n t y. 
Les ind ices i n d i q u e n t des f l uc tua t ions e t les 
b a r r e s s u p é r i e u r e s des m o y e n n e s de q u a n t i t é s 
f l uc tuan te s . 

eddy viscosity (for molar diffusion) and the various instantaneous 
velocity terms in each of the coordinate directions to the Naviei-
Stokes equations is possible, but the result is so cumbersome that 
for all practical purposes such a step is useless. Therefore, other 
means must be employed as a basis for solving mathematically the 
evaporation resulting from turbulent flow. 

One group of mathematical developments stem from the analogy 
which Reynolds showed to exist between the transfer of momentum 
and heat. Later this analogy was expanded by Prandtl, Taylor, 
Karman, Hoffman, and Mattioli—each of the papers being 
directed toward expanding or developing some limiting feature 
of Reynold's original equation. 

Another group of mathematical developments has been presented 
on the basis of the mass transfer theory. These developments 
have been presented by Sutton (with various modifications by 
Pasquill, Yih, and others), Frost, Thornthwaite and Holzman, 
Millar, and Sverdrup. 

REYNOLDS ANALOGY AND ITS EXTENSIONS : 

In 1875, Reynolds [21] claimed that there existed a complete 
analogy between momentum transfer and heat transfer. It was 
his contention that, because the eddy viscosity s was so much 

greater than the molecular viscosity v, the velocity distribution is 
similar to the heat distribution. It is logical also to carry the 
analogy a step further to consider evaporation and vapor concen­
tration. It has been shown, however, that this contention is most 
nearly correct when there is no pressure gradient and when 
8 » V. Therefore, the Reynolds analogy is not valid near a solid 
boundary in the region of the laminar sub-layer. Unfortunately, 
in connection with heat transfer and evaporation, a boundary is 
almost always involved, so Reynolds analogy could not be used 
without some modification. 

The following development will help to explain the analogy as 
set up for heat transfer. 

In considering momentum transfer, the following diffusion 
equation for parallel mean motion applies : (29) 
and for heat transfer : (30) 
in which T is the shear or rate of momentum transfer per unit 
area per unit of time, q is the rate of heat transfer per unit area 
per unit of time, p, is the dynamic viscosity (or the molecular dif­
fusion coefficient for momentum), and fe is the thermal conduc­
tivity (or molecular diffusion coefficient for heat), C B is the specific 
heat, u is the velocity, and T is the temperature at a point y, 
primes indicate fluctuations, and bars are used only for fluctuating 
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En. i n t r o d u i s a n t s p o u r la diffusion t u r b u l e n t e , 
ces é q u a t i o n s s 'écr ivent : 

T / P = ( V + 8 ) - * L (31) 

+ 0 ^ ( 32 ) 

où (y/a) = a, — k/Cpg es t le coefficient de diffu­
s ion t h e r m i q u e . Bien qu ' i l n ' a p p a r a i s s e p a s clai­
r e m e n t , a priori, q u e s soit le m ê m e p o u r les 
deux cas , des expér iences p r é l i m i n a i r e s su r 
l ' écou lement b i d i m e n s i o n n e l de l 'a i r fai tes p a r 
M M . C O R C O R A N , R O N D E B U S H et S A G E (1947) i nd i ­
quen t , avec u n e for te p robab i l i t é , q u e l ' hypo thèse 
doi t ê t re exacte . 

F i n a l e m e n t , si les cond i t ions p h y s i q u e s sont 
les m ê m e s , et si le n o m b r e de P R A N D T L a = 1, 
ou si s > > v et e > > a, les é q u a t i o n s (31) et (32) 
m o n t r e n t a lo rs que : 

( u 2 — n 1 ) A = C P ( T A — TJ/q (33) 

où u x et u2 son t d e u x vi tesses e t T x et T 2 les 
t e m p é r a t u r e s c o r r e s p o n d a n t e s . De p lus , on dé­
m o n t r e l ' ana logie e n t r e T et q/Cp et e n t r e u et T, 
d a n s les cond i t ions i n d i q u é e s . 

Les coefficients s a n s d i m e n s i o n Cf et Ch, 
c o m m e on le sait , sont définis p a r les fo rmules : 

T = Cf (P /2 ) U 2 (34) 

q = Ch o C p U AT (35) 

où U est u n e v i tesse r e p r é s e n t a t i v e et AT u n e 
différence de t e m p é r a t u r e r e p r é s e n t a t i v e éga­
lement . O n p e u t combine r les é q u a t i o n s (33), 
(34) et (35) (où ux = 0) et t i r e r : 

(36) 

ce qu i d é m o n t r e les fai ts i m p o r t a n t s s u i v a n t s : 

1) Si t ~ U" n o u s a u r o n s q ~ U " - 1 ; 

2) L a rugos i t é fait acc ro î t re , d a n s le m ê m e r a p ­
por t , la r é s i s t ance (le t r a n s f e r t de la q u a n ­
t i té de m o u v e m e n t ) et le t r a n s f e r t de c h a ­
leur . 

P o u r s u r m o n t e r les l a c u n e s de l ' ana logie or i ­
g inale de R E Y N O L D S , des c h e r c h e u r s en on t p r o ­
posé ce r ta ines ex tens ions . 

E X T E N S I O N D E T A Y L O R — P R A N D T L : 

Comme les é q u a t i o n s p r é c é d e n t e s o n t u n e p o r ­
tée l imi tée , T A Y L O R (1916) [30] en a développé 
u n e ex tens ion s imple p o u r la r ég ion s i tuée p r è s 
de la f ront iè re , où v e t a son t for t d i f férents e t 
où l eu r s effets ne p e u v e n t p a s ê t re nég l igés . E n 
i n t é g r a n t l ' express ion m a t h é m a t i q u e de ces effets 
à t r a v e r s u n e rég ion d u film l a m i n a i r e (où l 'on 
p e u t négl iger s), T A Y L O R a p roposé la modif ica­
t ion su ivan t e a u x é q u a t i o n s (31) e t (32) : 

,5 A ( 3 7 ) 

T o - T 0 = ( g / C , P ) fl SM.\ 

qu i p e u v e n t ê t r e combinées , en s u p p o s a n t o, t, q 
et P i n d é p e n d a n t s de y, sous la fo rme : 

u s / T = C P ( T g — T o ) ( 3 8 ) 

où us es t la vi tesse et Te la t e m p é r a t u r e à la li­
mi te ex té r i eure du filin l a m i n a i r e et T 0 la t e m -

quantities. Inserting E for turbulent diffusion these equations may 
be written as : (31) (32) 
in which v /c = a = A/CpO is the thermal diffusivity. Although 
it is not clear a priori that £ is the same for both cases, prelimin­
ary experiments with two-dimensional air flow by Corcoran, Ron­
debush, and Sage (1947) strongly indicate this to be true. 

Finally, if the physical conditions are the same, and if the 
Prandtl number 0 = 1 or if £ > ^> "V and E > a, then Eqs 37 
and 32 show that : (33) 
in which U j and u 2 are two velocities, and T j , and T 2 the cor­
responding temperatures. Furthermore, it proves the analogy be­
tween T and q/Cp, and u and T for the given conditions as stated. 

The well known dimensionless coefficients and C f c are 
defined as : (34) (35) 
where U is a representative velocity and A T a representative 
temperature difference. Eqs 33, 34 and 35 may be combined 
(where UJ = 0) to give : (36) 

which proves the following important facts : 
1. If ( ~ U», then q ~ 'U»-l. 
2. Roughness increases the resistance (momentum transfer) and the 

heat transfer in the same ratio. 
To help to overcome the deficiencies of the original Reynolds 

analogy, a number of scientists have made certain extensions to it. 

TAYLOR-PRANDTL EXTENSION : 

Because of the limitation of the foregoing equations, Taylor, 
1916 [30] developed a simple extension for the region near a 
boundary where y and a are greatly different and their effects 
cannot be neglected. Integrating across the region of the laminar 
sub-layer, where E may be omitted, Taylor proposed the follow­
ing modification to Eqs 31 and 32 : (37) 
which may be combined, by assuming a, X, q, and o to be inde­
pendent of y, into : (381 
where u 0 is the velocity and T 0 is the temperature at the outer 
edge of the laminar sub-layer, and T 0 is the wall temperature. 
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p é r a t u r e à la p a r o i . L ' é q u a t i o n ( 3 8 ) se c o m b i n e 
avec ( 3 3 ) et d o n n e : 

C , ( T „ 

ou : 

1 / C » = 
I L " S / 

î ) 

( 3 9 ) 

( 4 0 ) 

où U es t la va l eu r m o y e n n e de u s u r la sec t ion 
de la condu i t e . 

La difficulté p r i n c i p a l e q u i se p r é s e n t e d a n s 
l ' équat ion p r é c é d e n t e es t l ' éva lua t ion d u r a p p o r t 
us / U . Cette q u e s t i o n a été é tud iée , e n t r e a u t r e s , 
pa r P R A N D T L ( 1 9 2 8 ) [ 2 0 ] qu i a p r o p o s é q u e ue/u 
soit p r o p o r t i o n n e l à R - 1 / 8 . A ins i i l a ob tenu 
l ' équa t ion s u i v a n t e : 

Ct/2 
1 + ( 1 , 7 4 ) R - M » ( « — 1 ) 

( 4 1 ) 

E n f a i san t c e r t a i n e s h y p o t h è s e s s u p p l é m e n ­
taires, on a : 

1 / C » = 2/Cf + cons t . \ _ 7 C 7 Or — 1 ) (42) 

mais , m a l h e u r e u s e m e n t , à la l imi t e de la couche 
tu rbu len te (où s ^ 0 ) et du film l a m i n a i r e ( e = 0 ) , 

il y a d i s con t inu i t é . D ' a i l l eu r s , des expér iences 
ont m o n t r é q u e ce t te é q u a t i o n n ' e s t va lab le q u e 
q u a n d a es t s e n s i b l e m e n t égal à 1 . 

E X T E N S I O N D E K A R M A N : 

D a n s l 'espoir de t r o u v e r u n e t r a n s i t i o n r a i s o n ­
nable de la rég ion l a m i n a i r e à la r ég ion t u r b u ­
lente, K A R M A N ( 1 9 3 9 ) [ 1 6 ] a s u p p o s é que : 

u 

OU T| : 

7 W 

' T /p ' (f//v), et il a ob t enu : 

( 4 3 ) 

du /•*',,, W p _ f> ( 7 1 ) ( 4 4 ) 
ay V p v p v 

q u i d o n n e , en c o m b i n a i s o n avec ( 3 1 ) : 

p o u r la zone de t r a n s i t i o n . 

( 4 5 ) 

E n s u p p o s a n t q u e T et q so ien t t o u s d e u x cons ­
t an t s , on est a m e n é , à p a r t i r de l ' é q u a t i o n ( 4 4 ) , 
à : 

U8 = W p JJ'9 / ' ( „ _ 7 | ( 4 6 ) 

ET 

T« ~T0 = 
C„ p V t / p 

+ 17 
1 

f Cn) 

( 4 7 ) 

L ' in t ég ra l e de l ' é q u a t i o n ( 4 6 ) es t u n n o m b r e 
s ans d i m e n s i o n s et celle de ( 4 7 ) es t u n e fonc­
t ion de o- seul . E n c o n s é q u e n c e : 

CFI 9 ( T 0 — T f t ) 

<7 

p us ~ S ~ — Y / X [ B W - A ] ( 4 8 ) 

Selon l ' ana logie de R E Y N O L D S , on d i spose de 
l ' express ion : 

? ( U — »6 ) _ C P G ( T W — T A ) 

qui , se c o m b i n a n t avec ( 4 8 ) , d o n n e 

( 4 9 ) 

__JIÎ__L_. . £ _ _ / L R B ( „ ) — AL ( 5 0 ) 
q <r v T 1 

L 'é t ape su ivan t e , d a n s le d é v e l o p p e m e n t , es t 
la d é t e r m i n a t i o n de B (o-) — A. O n s ' a p p u i e r a 
a lors s u r les h y p o t h è s e s s u i v a n t e s : 

Eq 38 may be combined with Eq 33 to give : (39) 
or : '40) 

where U is the mean value of u over the pipe section. 
The primary difficulty with the foregoing equation is the ratio 

ug /U, which has been discussed, among others, by Prandtl, 
1928 [20] who reasoned that it should be proportional to R " 1 / 8 . 
By this means he obtained the following equation : (41) 
Then by making certain further assumptions, (42) 
Unfortunately, however, at the junction of the turbulent layer (in 
which 6 ¥= 0) and the laminar sub-layer (in which s — 0) there 
is a discontinuity. Furthermore, experiments have shown that the 
equation is good only when 0 is nearly equal to 1. 
KARMAN EXTENSION : 

In an attempt to find a reasonable transition from the laminar 

region to the turbulent region, Karman, 1939 [16] assumed that : 

(43) 

where r\ = V X/Q (y/\) and obtained: (44) 
which combines with Eq 31 to give : '45) 
for the transition zone. 

By assuming both T and q to be constant, Eq 44 leads to , 
(46j 

and : (47) 
The integral in Eq 46 is a pure number and that of Eq 47 is a 
function only of a. Therefore : (48) 

By the Reynolds analogy : (49) 
which may be combined with Eq 48 to give : (50) 

The next step in the development is to determine B (a)-A. On 
the basis of : 

file:///
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1 ) D a n s le film l a m i n a i r e : 

il 

V V P 
( 5 1 ) 

2 ) D a n s la rég ion t u r b u l e n t e exis te la d i s t r ibu ­
t ion l o g a r i t h m i q u e hab i tue l l e : 

5 , 5 + 2,5 log, ii ( 5 2 ) 

3 ) D a n s la zone de t r a n s i t i o n , la d i s t r i b u t i o n de 
la v i tesse doi t ê t re c o n t i n u e p a r r a p p o r t 
à celle qu i exis te d a n s les d e u x rég ions , 
l a m i n a i r e et t u r b u l e n t e ; K A R M A N a em­
ployé la loi : 

W P 
= 5 1 + log. ( 5 3 ) 

qu ' i l combine avec les é q u a t i o n s ( 5 1 ) , ( 4 6 ) et 
( 4 7 ) et il a ob tenu : 

A = 5 (1 + log e 6 ) , B = 5 [ f f + log e ( 1 + 5 G)] 

1 / C , = 2/C, + 5 V27C; j [(« — 1 ) 1 

1 + i <- 1 ) 5 4 ) 

1/C» = 2/C, + 5 V 2 / C , . (« — 1 ) ( 5 5 ) 

et p o u r n = 1 : 

C/I — "9~ ( 5 6 ) 

Ce son t d ' a i l l eurs les m ê m e s é q u a t i o n s q u e cel­
les que l 'on ob t ien t d a n s l ' ex tens ion de T A Y L O R -

P R A N D T L . 

E n p a r t a n t de la r e l a t i on c l a s s ique d u e à 
B L A S I U S 2 / C , = 0 , 0 4 R - 1 M , on p e u t r e m a n i e r 
l ' équa t ion ( 5 4 ) de la façon s u i v a n t e : 

Nu 
0,04 „ 

1 + R - ! / 8 ia — 1 + log, [ 1 + ( 5 / 6 ) 

( 5 7 ) 

qui s ' app l ique bien p o u r t ou t e s les v a l e u r s de a 
j u s q u ' à 1 0 , a ins i q u ' o n l 'a vérifié p a r c o m p a r a i ­
son avec l ' expér ience , t a n d i s q u e l ' équa t i on ( 4 1 ) , 
ex tens ion de T A Y L O R - P R A N D T L , d o n n e des va l eu r s 
t r o p faibles. 

P o u r t a n t , a u c u n r é s u l t a t d ' expér i ences p o u r 
de t r è s g r a n d e s v a l e u r s de c n ' a été p u b l i é ; la 
fo rme a s y m p t o t i q u e d e l ' équa t ion (57) es t : 

Nu = 0 , 1 0 4 RVs ( 5 8 ) 

A U T R E S E X T E N S I O N S D E L ' A N A L O G I E D E R E Y N O L D S : 

Cette é q u a t i o n p r é s e n t e ce r t a in s i nconvén ien t s 
i den t iques à ceux de l ' équa t ion de T A Y L O R -

P R A N D T L , en m o n t r a n t u n e d i scon t inu i t é d a n s la 
zone de t r a n s i t i o n . Mais la d i s con t inu i t é p a r r a p ­
po r t à s se p r é s e n t e p o u r des va l eu r s de I) et de 
(V + E) encore p l u s élevées q u e p o u r celles de 
l ' ex tens ion de T A Y L O R - P R A N D T L . 

Si on u t i l i se la fonct ion l o g a r i t h m i q u e poul­
ies va l eu r s de a vois ines de 1 , on ob t ien t l ' équa­
t ion app rochée su ivan t e : 

Quoi qu ' i l en soit des ex tens ions de l ' analogie 
de R E Y N O L D S , celles-ci n ' o n t r i e n a p p o r t é de p l u s 
que l ' ex tens ion due à K A R M A N . 

H O F F M A N N ( 1 9 4 0 ) [ 1 4 ] a supposé des d i s t r ibu ­
t ions de vi tesse différentes d a n s les t ro i s ré ­
gions : f i lm l amina i r e , couche l imi te t u r b u l e n t e , 
zone t u r b u l e n t e . Il a ob tenu : 

C;, —• 
( 1 / 2 ) C, 

1 + V C , / 2 OF — 1 2 , 7 9 ) 
( 5 9 ) 

1. In the laminar sub-layer U/VT/O = T| (51) 
2. In the turbulent zone the usual logarithmic distribution is : 

(52) 
3. In the transition zone the velocity distribution must be con­

tinuous with those distributions in both the laminar and turbu­
lent zones. 

Karman used : (53) 
to combine with Eqs 51, 46, and 47 to obtain : 
and : (54) 

This equation has some of the same disadvantages as that of 
Taylor-Prandtl, having a discontinuity in the transition zone. 
But the discontinuity with respect to E occurs at larger values of 
11 and (v -f- E) than for the Taylor-Prandtl Extension. 

"When the logarithmic function is expanded for values of 0 very 
near 1, the following approximate equation is obtained : (55) 
and for a = 1 : (56) 

which are the same equations as those obtained by the Taylor-
Prandtl Extension. 

By assuming the standard relationship of Blasius 2 /C,=0.04 RR 1 / 4 , 
Eq 54 may be rearranged in the following manner : (57) 
which has been found by comparison with experiment to apply 
rather well for values of 0 as large as 10, whereas Eq 41 of the 
Taylor-Prandtl extension gives values which are too low. 

Although no experiments have been reported for very large 
values of 0 , the asymptotic form of Eq 57 is : (58) 

OTHERS EXTENSIONS TO REYNOLDS ANALOGY : 

Although there have been other extensions to Reynolds analogy, 
they do not add much refinement beyond the Karman Extension. 

Hoffman, 1940 [14] assumed different velocity distributions in 
the three regions of the laminar sub-layer, the transition zone, and 
the turbulent zone to obtain : (59) 
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pour o < 1 et fi = 25 et q u a n d xï' es t u n e fonc­
tion u n i q u e de a. E n e m p l o y a n t les n o m b r e s de 
N U S S E L T et de R E Y N O L D S et l ' équa t i on de B L A -

S I U S , l ' express ion c i -dessus s ' exp r ime a ins i : 

Nu — 
0,04 R"'/-* a 

1 + 0,2 R - ' / s 01'-—12,8) 
(60) 

A p a r t i r du t e n s e u r des efforts, M A T T I O L I 

( 1 9 4 0 ) [18] a t r o u v é l ' équa t ion s u i v a n t e au 
moyen de r e l a t i ons pa r t i cu l i è r e s basées su r des 
expér iences : 

1 + V C r / 2 9,46 G» 2,45 J ° & '7 7 
C 1 

(61) 

c e qui p e u t ê t re e x p r i m é sous la fo rme 

0,04 RV-* a 
Nu 

1 -f- 0,2 R - v s f 9,46 a»." — 2 . 4 5 - ^ & - l — 7 
V a— 1 

(62) 

E n ce qu i c o n c e r n e les é q u a t i o n s (57) , (60) et 
(62), la r e l a t ion de B L A S I U S a été employée p a r c e 
que les expér i ences de K R A U S S O L D on t été effec­
tuées d a n s le d o m a i n e des n o m b r e s de R E Y N O L D S 

pour lequel la r e l a t i on est va lab le . P o u r des va­
leurs élevées du n o m b r e de R E Y N O L D S , 1 0 e < R 

< 10°, on dev ra i t emp loye r les é q u a t i o n s sui ­
vantes : 

G, = 0,074 R - ' / 3 (loi de pu i s sance ) 

C , 
0,472 

(logjo R) = 
( S C H L I C H T U N G ) 

(63) 

(64) 

0,427 
J / (— 0,407 + l o g « R ) 2 ' 6 i 

( S C H U L T Z - G R U N O W ) (65) 

E Q U A T I O N S E M P I R I Q U E S : 

Un c e r t a i n n o m b r e d ' é q u a t i o n s o n t été ob te ­
n u e s e x p é r i m e n t a l e m e n t en u t i l i s a n t la r e l a t i o n 
e n t r e le t r a n s f e r t de c h a l e u r et le t r a n s f e r t de 
q u a n t i t é de m o u v e m e n t . K R A U S S O L D (1933) [17] 
a p r o p o s é p o u r d e s c o n d u i t e s , q u a n d i l s 'agi t 
d ' échauf fement des fluides : 

Nu = 0,024 R 0 . 8 c ° , 3 7 (66) 

et p o u r le r e f r o i d i s s e m e n t de ces f luides : 

N u = 0,024 R 0* 8 s 0 . 3 0 (67) 

D I T T I ; s et B O E L T E R (1930) [10] a v a i e n t p roposé 
l ' équa t ion s u i v a n t e e x p r i m a n t s i m u l t a n é m e n t le 
r e f ro id i s s emen t et r é c h a u f f e m e n t . 

Nu = 0,0254 R 0 - 8

 Oo,: 

E n e m p l o y a n t la f o r m u l e : 

C , = N u / ( R «) 

( 6 8 ) 

(69) 

d a n s les é q u a t i o n s p r é c é d e n t e s e t en s u p p o s a n t 
l ' exposan t de a égal à u n e va l eu r m o y e n n e 0,34, 
on p e u t ob t en i r l ' é q u a t i o n s u i v a n t e : 

(70) 

qu i es t d ' a i l l eu r s la m ê m e q u e l ' é q u a t i o n de 
P O H L H A U S E N p o u r le t r a n s f e r t l a m i n a i r e de c h a ­
leur à p a r t i r d ' u n e p l a q u e c h a u d e . B ien q u e 
l ' équa t ion de P O H L H A U S E N soit l imi tée à l ' écou­
l e m e n t l a m i n a i r e , ce t te c o n c o r d a n c e semble p l u ­
tôt acc iden te l le . 

for a < 1 and 1] = 25, where * is a function of 0 only. In 
terms of Nusselts number and Reynolds number, and with the 
Bias ius equation this may be expressed as : (60) 

Matlioli, 1940 [18] began with the stress tensor and obtained 
the following equation by means of certain empirical relations : 

(61) 
which may be expressed also as : (62) 

For Eqs 57, 60 and 62,' the Blasius relation is used because 
Kraussold's experiments were performed in a Reynolds number 
range for which this equation is valid. When considering higher 
values of Reynolds number 10° < R < 10°, the following equa­
tions should be used : 

(Power law) (63) 
(Schlichting) (64) 

(Schultz-Grunow) (65) 
EMPIRICAL EQUATIONS .-

A number of equations have been derived from experimental 

data to express the relationship between heat transfer and mo­
mentum transfer. 

Kraussold, 1933 [17] proposed for pipes: (66) 
when heating the fluid, and : (67) 
when cooling the fluid. 

Dittus and Boelter, 1930 [10] proposed the following equation 
for both cooling and heating : (68) 

Using the equation : (69) 

with the foregoing equations, and setting the exponent of 0 at a 
mean value of 0.34, the following equation may be obtained : 

(70) 
which is the same as the equation that Pohlhausen obtained for 
laminar heat transfer from a heated plate. Since Pohlhausen's 
equation is for laminar flow only, however, this agreement may 
be coincidental. 

5 
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D I S C U S S I O N D E S E X T E N S I O N S D E L ' A N A L O G I E D E 

R E Y N O L D S : 

E v i d e m m e n t , i l est i n t é r e s s a n t de voir que 
c h a c u n e des ex t ens ions dues à K A R M A N , H O F F ­

M A N N et M A T T I O L I , f o u r n i s s e n t u n e é q u a t i o n u n i ­
que de la f o r m e s u i v a n t e : 

C A = ^ | (71) 
1 + \ / C y _ 9 ( a - ) 

I l es t a u s s i i n t é r e s s a n t de n o t e r q u e si o- = 1, 
les é q u a t i o n s dev i ennen t i d e n t i q u e s et si o- = 0,6, 
elles d o n n e n t p o u r ç (a) les v a l e u r s app rochées 
4,0, 4,1 e t 3,8 r e spec t ivemen t . 

O n a été s u r t o u t encou ragé d a n s les déve lop­
p e m e n t s p r é c é d e n t s à cause des p r o b l è m e s de 
t r a n s f e r t de c h a l e u r q u ' o n r e n c o n t r e d a n s l 'écou­
l e m e n t en condu i t e . De p l u s , l ' équa t ion (33) 
(dans laque l le <J = 1) a é té employée d a n s l 'éla­
bo ra t i on de c h a c u n e des ex tens ions . E n consé ­
quence , q u e l q u e s r e s t r i c t i ons s e u l e m e n t s e ra i en t 
à a p p o r t e r a u x é q u a t i o n s (54), (59) e t (61) . L a 
r e s t r i c t i on la p l u s i m p o r t a n t e r é s ide d a n s ce 
qu ' i l n ' y a u r a p a s de g r a d i e n t de p r e s s ion d a n s 
l ' écoulement . P o u r l ' écou lement en condu i t e , cela 
es t é v i d e m m e n t imposs ib le . L a r e s t r i c t i on 0 = 1 
pa ra î t , a priori, d ' u n e i m p o r t a n c e cons idé rab le 
p u i s q u e les v a l e u r s m o y e n n e s des v i tesses et des 
t e m p é r a t u r e s son t p r i se s su r la sect ion en t iè re 
de la condu i t e . P o u r t a n t , les e r r e u r s commises 
son t m i n i m e s p u i s q u e le film l a m i n a i r e es t mince , 
en r a i s o n des g r a n d s n o m b r e s de R E Y N O L D S , et 
q u e les différences des t e m p é r a t u r e s usue l l es n e 
son t p a s élevées. 

D a n s le cas d ' u n e p l a q u e p lane , le g rad ien t 
de p ress ion est n u l . On p r e n d a lors p o u r la vi­

tesse et la t e m p é r a t u r e l eu r s va l eu r s a m b i a n t e s . 
Il en r é su l t e que les ex tens ions de l ' ana log ie de 
R E Y N O L D S p e u v e n t ê t r e a d m i s e s avec u n deg ré 
r a i s o n n a b l e d ' exac t i tude , m a i s s e u l e m e n t si les 
é q u a t i o n s de l ' écou lement d a n s des condu i t e s , 
q u ' o n a employées p o u r les d é v e l o p p e m e n t s des 
ex tens ions , sont appl icables p o u r u n e p l a q u e 
p l ane . E n p lus , les h y p o t h è s e s de c o n s t a n c e de 
l'effort t angen t i e l (c 'es t -à-dire de la q u a n t i t é de 
m o u v e m e n t ) et de c o n s t a n c e de q ( t r a n s f e r t de 
cha leu r ) d a n s t o u t e la couche l imi te , son t s a t i s ­
fa i tes s eu lemen t d a n s le cas de la p l a q u e p l a n e . 

On r e m a r q u e r a q u e les r e l a t i o n s p r é c é d e n t e s 
on t été développées p o u r l ' ana logie e n t r e t r a n s ­
fer t de c h a l e u r et t r a n s f e r t de q u a n t i t é de m o u ­
vemen t . On les a p ré sen tées ici en dé ta i l p o u r 
en d o n n e r les bases et aus s i p o u r s implif ier l 'ex­
t ens ion de l 'analogie à l ' évapora t ion , q u i est 
p résen tée d a n s la su i te . 

A P P L I C A T I O N D E L ' A N A L O G I E D E R E Y N O L D S A L ' É V A ­

P O R A T I O N : 

Le p rob l ème cons is te m a i n t e n a n t à a p p l i q u e r 
l 'analogie de R E Y N O L D S à l ' évapora t ion , c 'est-à-
d i r e a u t r a n s f e r t de v a p e u r . P u i s q u e les t ro i s 
ex tens ions de l ' ana logie d o n n e n t des r é s u l t a t s si 
c o n c o r d a n t s p o u r a < 1, on n e c o n s i d é r e r a que 
l ' ex tens ion de K A R M A N , é q u a t i o n (54) p o u r le 
p r o b l è m e de l ' évapora t ion . R a p p e l o n s q u e d a n s 
le déve loppement de l ' équa t ion (54), on a u t i l i sé 
u n e d i s t r i bu t ion l o g a r i t h m i q u e p o u r la zone 
t u r b u l e n t e . 

S t r i c t emen t p a r l a n t , si l ' ana logie do i t com­
p r e n d r e tous les p h é n o m è n e s de diffusion, l ' équa­
t ion (54) doi t s ' app l iquer d i r e c t e m e n t p a r le 

DISCUSSION OF EXTENSIONS TO REYNOLDS ANALOGY : 

It is interesting to note that each of the extension of Karnaan, 
Hoffman, and Mattioli give an equation of the following form : 

(71) 
and it is further of interest to note that when 0 — 1 they are 
identical and when 0 = 0.6 they give fp (0) approximately 4.0, 
and 4.1, and 3.8 respectively. 

The foregoing developments were stimulated primarily in con­
nection with heat transfer problems encountered in pipe flow. 
Furthermore, Eq 33, which depends upon 0 = 1 , has been used 
in the development of each of the extensions. Therefore, certain 
limitations must be placed on Eqs 54, 59, and 61. The limitation 
which is of perhaps the most importance is that there shall be no 
pressure gradient in the flow. With pipe flow this is obviously 
impossible. The limitation of 0 = 1 at firsl appears to be of 
considerable consequence since the mean values of velocity and 
temperature are taken over the entire pipe section. However, the 
errors are small when the laminar sub-layer is thin (for large 
Reynolds numbers) and when ordinary temperature differences 
are not great. 

In the case of a flat plate the pressure gradient is zero and 
the velocity and temperature are taken as ambient values. Hence 

the extensions to Reynolds analogy should be applicable with a 
reasonable degree of accuracy provided that the pipe-flow equa­
tions utilized in their development are applicable to flat plates. 
Furthermore, the assumptions of constant shear (momentum trans­
fer) and constant q (heat transfer) throughout the boundary layer 
are satisfied only in the case of flat plates. 

It should be mentioned again that the foregoing relationships 
were originally developed for the analogy between heat transfer 
and momentum transfer. They have been presented here in some 
detail in order to supply background information and in order to 
simplify the extension of the analogy to evaporation in the fol­
lowing pages. 
APPLICATION OF REYNOLDS ANALOGY TO EVAPORATION : 

The problem now to be attacked is that of applying the Rey­
nolds analogy to evaporation, which is vapor transfer. Because 
the three extensions to Reynolds analogy yield such similar results 
for 0 < 1, only Karman's extension (Equation 54) will be con­
sidered for the problem of evaporation. It should be remembered 
that in the development of Equation 54 the logarithmic velocity 
distribution was used for the turbulent zone. 

Strictly speaking, if the analogy is to hold for all quantities 
being diffused, then Equation 54 should be directly applicable by 



JANV.-FÉV. 1 9 5 6 - № 1 L A H O U I L L E B L A N C H E 5 1 

r e m p l a c e m e n t du coefficient Cn de t r a n s f e r t de 
cha leur , p a r le coefficient C C d ' é v a p o r a t i o n 
( t ransfer t de v a p e u r ) . Il f au t a d m e t t r e aus s i 
que s es t égal à 0,6 q u i est la v a l e u r p o u r la 
diffusion de la v a p e u r d ' eau d a n s l 'a i r . D e te ls 
c h a n g e m e n t s d o n n e n t : 

1 / C , = 2/C, + 5 V27CT, [— 0,4 + log 8 (2 /3 ) ] (72 ) 

express ion décou l an t de l ' équa t ion de B L A S I U S . 

P o u r les n o m b r e s de R E Y N O L D S élevés (10 8 < R 

< 10 9 ) , les é q u a t i o n s (63) , (64) et (65) do ivent 
être u t i l i sées p o u r ob ten i r les expres s ions su i ­
vantes : 
I / C C = 27,0 R " - ' — - 2 1 , 0 R ] ' / 1 0 (loi de pu i s sance ) 

(73) 

1 / C = 4,24 ( l o g 1 0 R ) 2 . 3 s _ 8,30 ( l o g 1 0 R ) 1 ' . 2 9 

( S C H L I C H T I N G ) (74) 

t / C , = 4,69 (— 0,407 + l o g 1 0 R ) ' 2 - 6 4 

— 8,74 (— 0,407 + l o g 1 0 R ) 1 - 8 2 

( S C H U L T Z - G R U N O W ) (75) 

Les é q u a t i o n s (74) et (75) p o u r r a i e n t ê t r e u t i ­
lisées p o u r des n o m b r e s de R E Y N O L D S e n c o r e 
p lus élevés, m a i s on p e u t les r e m p l a c e r p a r les 
re la t ions p l u s s imp les s u i v a n t e s , s a n s a u c u n e e r ­
reur appréc iab le : 

C ' - = - „ Q ' 5

P ° L R ( S C H L I C H T I N G ) (76) ( l o g 1 0 R H » s 

C = • 0,1355 
' " (— 1,275 + l o g 1 0 R W 

( S C H U L T Z - G R U N O W ) (77) 

J u s q u ' à p r é s e n t , les d é v e l o p p e m e n t s n e son t 
guère que de n a t u r e m a t h é m a t i q u e e t l eu r va l i ­

d i té n ' e s t con t rô l ée q u e d a n s le d o m a i n e d u 
t r a n s f e r t de c h a l e u r . 

E n o u t r e , c h a c u n e de ces é q u a t i o n s est su je t t e , 
a u m o i n s , a u x m ê m e s r e s t r i c t i o n s q u e les é q u a ­
t ions c o r r e s p o n d a n t e s d u t r a n s f e r t de c h a l e u r , 
d a n s le cas de la p l a q u e p l a n e . 

L a c o m p a r a i s o n des é q u a t i o n s p r é c é d e n t e s a p ­
p l iquée à l ' évapora t ion , a u x r é s u l t a t s e x p é r i m e n ­
t a u x jus t i f ica t i f s s e r a fa i te e t c o m m e n t é e au 
c h a p i t r e VI . 

L a t h é o r i e d e S u t t o n 

S U T T O N [29] a e m p l o y é la n o t i o n du m é l a n g e 
c o n t i n u p o u r l ' é l abora t ion d e son é q u a t i o n d 'éva-
p o r a t i o n . E n e m p l o y a n t la déf ini t ion de la cor ­
r é l a t i on p o u r le m o u v e m e n t ve r t i ca l à d e u x i n s ­
t a n t s , i l a o b t e n u le coefficient s u i v a n t d e 
l ' é change de q u a n t i t é d e m o u v e m e n t : 

Wl = Wï J*J R (g) d d) ( 7 8 ) 

Voici son r a i s o n n e m e n t : d a n s le m o u v e m e n t 
voisin d ' u n e su r face l isse, o n p e u t s u p p o s e r q u e 
la co r r é l a t i on e n t r e les v i tesses fluctuantes p o u r 
des pé r iodes de t e m p s c o u r t e s et success ives , 
d é p e n d p r i n c i p a l e m e n t de l ' i n t ens i t é de la t u r ­
bu l ence — celle-ci é t a n t m e s u r é e p a r (p w"2) — 
de la v iscos i té u. et d u t e m p s \. 

E n s u p p o s a n t p o u r w' u n e d i s t r i b u t i o n n o r ­
ma le , en e m p l o y a n t l ' exp res s ion d e K A R M A N p o u r 
la l o n g u e u r de m é l a n g e et en s u p p o s a n t la d i s ­
t r i b u t i o n de vi tesse : 

U ~ z1{/m 

avec m = ——— , on p e u t ob ten i r : 

changing the heat transfer coefficient C f t to an evaporation (vapor 
transfer) coefficient Cg, and by adjusting o* to 0.6, which is its 
value for the diffusion of water vapor into air. Such adjustments 
yield : (72) 
which is based upon the Blasius equation. 

For higher Reynolds numbers (10B < R < 10°) Equations 63, 
64. and 65 may be used to obtain : 

(Power law) (73) 
(Schlichting) (74) 

(Schultz-Grunow) (75) 
Equations 74 and 75 can be used at even higher Reynolds 

numbers and can also be replaced by the simpler relations t 
(76) (77) 

with almost no error involved. Each of these equations is subject 
to at least the same limitations involved in the use of their cor­
responding equations for heat transfer with a flat plate. 

The developments up to this point are of a mathematical nature 
only, and their validity has been checked solely in the field of 

heat transfer. The comparison of the foregoing evaporation equa­
tions with experimental results will be made and discussed in 
Chapter VI. 

Sutton's Theory 

Sutton [29] has employed the continuous mixing concept in the 
development of his evaporation equation. By using the definition 
of correlation for vertical motion at two instants, he derives a 
momentum exchange coefficient : (78) 
He then reasoned that for motion near a smooth surface, the 
correlation between the fluctuating velocities at successive instants 
of time may be assumed to depend primarily upon the intensity 
of turbulence as measured by q U ) ' 2 , the viscosity (X, and the 
time §. 

By assuming u)' to be of normal distribution, applying the 
Karman expression for mixing length, and assuming a velocity dis­
tribution : 

U ~ Î V » 
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l—n O n \ N I - » 

2 ) 2 (1 -n) _ » (1—«) 

^ W = ^ l - n ) ( 2 V U 1 " " Z ( S - " ' 2 1 L 2 - " ) 

(79) 
expres s ion qu i p e u t ê t re ut i l i sée p o u r r é s o u d r e l ' équa t ion de diffusion à d e u x d i m e n s i o n s : 

E n s u p p o s a n t que cet te é q u a t i o n soit va lab le j u s q u ' à la paro i , l ' in tégra t ion su ivan t e : 

E = f*" CU dz (81) 
J 0 

d o n n e : N = F (n, k) R^/i2+n) (82) 

4 1 . 2 T. / 2 - 1 - A N - » ) 

avec : 

F (n, k) = ( 2 + n) 2 + " ~ s in Y I — f — ) ( )2+» /2 «+2 (j __ n ) 2 + ,, (2 n — 2) 2 + „ 
2 ît 2 4- n \ 2 4- n J \ 2 y 

(83) 
où /c es t la c o n s t a n t e de K A R M A N . 

Les dé ve loppemen t s p r é c é d e n t s p e u v e n t fou rn i r u n e base p o u r la c o m p a r a i s o n des d o n n é e s expé­
r i m e n t a l e s a u x r é s u l t a t s t h é o r i q u e s . Nous le v e r r o n s au c h a p i t r e VI. 

(à suivre) 

where m = n/2-n, it is possible to obtain : (79) 
which can be used to solve the two-dimensional diffusion equation : 

(80) 

If the assumption is made that the solution holds down to the 
boundary surface, integration of : (81) 

gives : (82) 
where : (83) 
and where k is the Karman constant. 

The developments presented in this chapter are intended to be 
background material for use in the comparison of the experimental 
data with theoretical equations in Chapter VI. 

(to be continued) 


