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1. As it is clearly said in the title, I will talk very rapi
dly about the principles of a new mathematical method to ana
lyse steady unconfined flow through porous media, which has
been found by Baiocchi [1] and represents the first results
of a scientific collaboration between the Laboratory of Nume
rical Analysis of the National Council on Research and the
Hydraulic Institute of the University of Pavia.

To make the matter more understandable, I will illustra-
te the application of this method to the most simple of such

problems, that is the classical one of the flow above a hori

zontal sole and between parallel vertical boundaries (fig.1).

Indicating with ® the rectangular dam ABCD and with ¢
the part of it through which the water flows, the method con
sists, first of all, in the substitution of the traditional

variable piesometric head:
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u (z,y) =y + —— (n

with the variable w(z,y) defined in the rectangle % this way:

wlz,yl = f [— ¥ oda v (y - W) a/] (2)
z

where the integration is made along a generic line [ that
links the generic point pP(z,y) with the starting point B of
the free line, in the 3P direction; furthermore, indicating
with v the stream function, the symbols Y and « represents
the prolongations of » and x beyond the wet region ¢ and they
are defined this way:
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It is easy to see that:

v
- v dx + {y -

is an exact differential; it follows thus that the value of
wix,y) doesn't depend on the trajectory that joins the points
P and B (1)4

From relations (2) and (3} follows that » > ¢ in the do-
main @ and » = ¢ in the domain # - ¢; thus we immediately sce
that, once we have obtained in all the points of the rectan-
gle the values of w, the flow is completely known and the

(1) It is interesting to note that, if we choose as the tra-
jectory the FF'F one indicated in fig, 2, and if we put
conventionally v ¢ on the freeline, given that on this
line is:

we have

:,f

¥

is proportional to the total force upcon
ical surface above the point P.
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we easily obtein:

Thus this problem can be formulated this way (fig. 3):

These
ne 4w hasn't concentrated mass, it is possible to write
thetically:

woo> g - aw > g wil ~ fw) 5 0

in the whole rectangle.

To be able to completely individuate un(x,y/), it is
now on enough to know the i values on the houndaries 373
the rectangle.
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this relation represents a variational inequality in the va-
riable u», which, as was already well~known, admits one and

only one solution; £

rthermore we have rigorous methods to
get the numerical solution and also to study the stability
and convergence properties, etc. [2] [3]

(2) The relation {7} which up to some twenty years ago was
believed to be only approximate because it was obtained
irem the Dupuit-Forchheimer model, is instead exact, as
it has been demonstrated by many scientists. It is also
gasy to demonstrate ti i {7) applicati the (2)

aune
to the whole boundary &
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It's also interesting to note that, for
perties of {8), the problem under study is

1d the minimum in the space X, of the functional

So, we can write down this problem in 3

30 that:

To calculate the solution of the minimum probler

use approximation schemes based either on

rences or on the finite metheds .

fferences method corri-

sponding to the classical formula of § points for ¢

we introduce in the plan («,y) a grid that,

at 1s

sume as square (t

respectivaly, with &,

those on the boundary and wi
generic vector defined on all the nodes
blem consists in finding the ~sector >

minimum of the following functional:

among all the vectors =z

©5d
on 3R (where

is a function of g discreeti-

L d
zed/ .

We can demonstrate that [4] the preceding problem (10),
for each #, has only one solution, which for & » § converges
to the solution of the problem (9').

For the calculation of {

:}’ we see that the problem
presented in such a way, is Léaaced to .a problem of minimum
of a quadratic functional on a convex set of finite dimen -
sion, that is to a tipical problem of qguadratic programming,
of which we know several schemes of solution. Particularly
simple and efficient is the following way of proceeding,
which represents an extension of the well~known relaxation
process used to solve the linear systems; we start from an
arbitrary vector {w(oé} with

5

(i,d) on and we
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. . n) It clearly results from this example that one of the ad
build a succession of vectors {w. the passage from {u . . . . L
(n+ ) . T4 vantages of the illustrated method consists in the fact that
to {w."" 7} is based on the following formulas: ) j .
Tyd it makes it possible to operate within a known field (in our
(n+i/2) i) ] an case that of the rectangle); for this it is possible to sol
W, . . + on #, .
Tsd el " ve the problem without having to establish an approximate
(n+1) (n) ) free line like, on the contrary is required with the usual
= max | O, - w. 12
t5d na¥ [ JIJJ] ¢ ways of calculation, including the most recent ones, based,
them too, on the varaticnal principles.
141 .
ZL(; / g%(¢,g) on 3R, {13)

where the expression (12) represents the projection of the

vector {wgnjl)} on the convex; that is, indicating with:
£y
i+7 /5 7
a = + m(w{nfj/“) - u(”{
T Tsd
we assume:
7
wﬁh:" if a <06
1,4
and:
141 .
u('. - a if a > 0
,d -

We can demonstrate
w <2)

to accelerate the convergence.

that such a numerical scheme converges,

for each ,4(0 < where » is a parameter that is used

It is interesting to note that at the end of the calcul

in a part of the mesh there are values of » equal to ¢, and

in the other part, the w values are greater than g¢; the free

line is then obtained as an element of between

6).

separation

those two zones (fig.

3. Like I said at the beginning, I willingly examined an ex

tremely simple case of unconfined flow to make more simple

the understanding of the basic principles of this method.

Within the field of these researches that are being do
ne at the University of Pavia, we have solved a few others
problems a little more interesting and complex like those
illustrated in the fig. 7.

Their study was naturally more complex, and so, cannot
be illustrated within such a short period of time: because

interested in

(13 [ [s].

the illustrated
this it

of this I would advise those of you that are

this problem, to go back to the bibliography

At the present stage of its elaboration,

method have not be generalized yet and for isn't

applicable to any kind of unconfined flow.

Nevertheless,
tile,

it has already appeared to be very versa-
of the

the method will be bettered until it can be

and I think that, with the pregressing theore

tical research,
applied to types of problems always more complicate and of

majior practical interest
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Voir la Discussion & la page suvivante



Discussion
Présidents : MM. G. Kovacs et P. Hasis

M. le Président Hagip félicite M. le Professeur MAIONE pour son
brillant exposé et ouvre la discussion.

M. le Professeur THIRRIOT intervient en ces termes :

I y a beaucoup d'excellentes choses dans Pexposé du Professeur
MAIONE et peut-8tre trop pour que, vu lheure tardive, de trop
nombreuses questions lui soient posées, mais j’ai éprouvé un plaisir
particulier & voir que sa méthode répondait & une question que
je me pose depuis longtemps, & savoir : comment utiliser le calcul
variationnel ou relationnel pour déterminer les surfaces libres au
moins dans leur principe.

En définitive, la fonctionnelle citée par le Professeur MAIONE &
la fin de son exposé pourrait étre concrétisée, d'une maniére
physique, comme représentant la somme de Pénergic dissipée en
frottement et de Pénergie potentielle due 3 Paltitude dans Ie rec-
tangle élémentaire considéré. 1 est fort intéressant de voir que
les espaces de Sobolefl peuvent répondre & des questions aussi
prosalques.

M. le Professeur MaloNe répond :

Je suis vraiment heureux que le Professeur THIRRIOT ait {rouvé
tant de choses intéressantes dans le travaill que j'al présenté et,
en particulicr, la réponse a4 une question que depuis longtemps il
s’était posée : il s’agit de la facon dutiliser les méthodes variation-
nelles pour arriver & la détermination de la surface libre d'une
nappe souterraine.

Je dois dire, a4 ce propos, que justement ceci a été le premier
but de la recherche conduite par le groupe d’étude sur les milieux
poreux qui s'appuie sur « LIstituti di Matematica e di Idraulicas
de I'Université de Pavie,

Je voudrais encore une fois souligner que la méthode exposée
a la particularité de ne pas requérir I'établissement d’une surface
libre de «tentative» comme on doit le faire dans les méthodes
usuelles d’étude, y-compris les méthodes les plus récentes d’'impos-
tation varjationnelle (ainsi que quelques unes des estimables notes
présentées & cette méme réunion Yont montré).

On en relire un avantage qui n'est pas sans intérél, tant pour
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son influence sur les temps de calcul que pour Pexamen de ques-
tions théorigues de base telles que la stabilité, la convergence, la
majoration de lerreur, etc.

Je dois toutefois dire que la méthode n’est pas aussi facile
lorsqu'on l'applique a l'examen de problémes un peu plus compli-
qués comme celui d'un barrage en terre de profil trapézoidal.
En ce cas, en effet, on doit déterminer par titonnement trois para-
meétres : le débit, le point ol la surface de la nappe apparait & l'exté-
rieur et la valeur de la variable w en un poini de la base imper-
méable du barrage.

M. le Président Hamis remercie le conférencier et M. le Profes~
seur THIRRIOT; M. l¢ Président Kovacs résume, comme suit, les
conclusions de la séance :

Mesdames, Messieurs,

A mon avis, le programme de cet aprés-midi était trés riche et
trés intéressant. Les discussions ont été si vivantes et si animées qu’il
ne me reste guére de temps pour dégager unc conclusion ou faire
un résumé de tout ce qui a été dit..

Je crois pouvoir dire que je serais trés tenté d’engager ou de
poursuivre la discussion avec le Professeur MAIONE mais j'y renonce
en raison de l'heure. J'espére néanmoins que nOuUS DOUITONS repren-
dre cette discussion car les apercus qu’il a donnés vont trés loin.

Nous avons entendu des conférences extrémement intéressantes
proposant différentes méthodes, numériques et analogiques, pour
T'utilisation rationnelle des ordinateurs. A ce propos, jaimerais
insister sur le point suivant: certains phénoménes ne peuvent pas
étre réduits & des modeles ou du moins aux modeles que nous uti-
lisons actuellement ; je pense gu'il faut multiplier les recherches
et les investigations. Si nous étudions par exemple un champ limité,
il faudrait pouvoir ne négliger aucun phénoméne physique, car en
négliger un seul risque, dans certains cas, de modifier considérable-
ment le résultat. En tout cas, il faui vérifier trés attentivement les
résultats physiques,

Je n'ai fait gu'un trés bref résumé de la réunion, et je m'en
excuse.



