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Introduction

The equations governing the temperature distribution
in the neighborhood of a flat plate are 'quite sensitive to
the accuracy attained in the calculation of the velocity

first case was that of a heated plate with uniform tem-
perature in the midst of an incompressible fluid with
uniform velocity and temperature at infinity. The se-
cond case was that of an adiabatic plate also in a steady
uniform flow of a fluid with uniform temperature. In a
literature search, no previous work could be found, ex-

field. This is dué, among other things, to the role cept for an analysis by L. Prandtl {2] in which no calcu-
played by the second derivative of the stream function lations of temperature distributions were inclu-
in the process of integration to obtain the temperature ded. Pohlhausen’s analysis has become a classic of

distribution. In the now classical temperature profiles
of Polhausen's special solutions it was not possible to
detect inconsistencies, but they appeared in plots of the
general solution. The motivation for this work stems
from the discovery of such inconsistencies by students
of one of the authors, as described in the acknowled-
gements.

This paper presents an analysis of the general proper-
ties of the governing equations for forced laminar flow
past flat plates parallel to the flow at infinity. Heat
generated by viscous dissipative terms is taken into ac-
count, but the pressure gradient is assumed to be zero,
and the effect of buoyancy to be negligible. Calcula-
tions were performed with special care in order to eli-
minate spurious trends in the temperature distribu-
tions. Graphs are presented to illustrate the solutions
thus obtained, and tables are available on request.

boundary layer methodology, but, for the calculations
of temperature distributions, he used the data available
at the time for the velocity distribution in the boundary
layer [3]. This did not affect the expected qualitative
trend of the temperature profiles which he determined
for the two particular cases mentioned above. It is
only when Pohlhausen’s results are used to construct
the general solution for the thermal boundary layer that
the inaccuracies in the velocity profiles are large enough
to distort some of the temperature profiles [4]. This
occurs in a manner that can be easily detected as ano-
malous even by a relatively inexperienced observer.

To facilitate the discussion, we summarize first the
classical treatment of the problem, and then show how
possible wrong trends can be detected through a simpli-
fied qualitative analysis. This is accomplished by esta-
blishing basic properties that the solution must pos-

sess. The governing equations for laminar flat-plate
boundary layers without pressure gradient and
buoyancy effects, but with dissipation of energy, are :
Background
and qualitative analysis du . o
ox Ay M
A little over fifty years ago, the first calculations of
thermal boundary layers were published by E. Pohlhau- u Qu v @_lf\_____ u% Q)
sen [1], who considered two fundamental cases. The Ox Qy/ oy?
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The first of these equations is the equation of continuity
for the velocity vector (#, v) in the two-dimensional
space (v, v). The second is the momentum equation,
and the third is the energy equation, both simplified
according to Prandtl’s approximation for flat-plate
boundary layers. The physical properties, density p,
viscosity u., specific heate,, and thermal conductivity &,
are assumed to be constant. For this, the temperature
T must vary within a relatively narrow interval.

The system (1)-(3) can be reduced to a system of two
equations if, following Blasius [3], the Lagrangian
stream function ¥ is introduced. The treatment of
equations (1)-(3) is classical and only the final dimen-
sionless forms of the equations will be given here. We
have :

W +27"=0 4)
T -+ () PIT =—1/2 _P_C%é I (5)
where
fn) =U\~xU,, (6)
N =y (U, /vx)t? (N
and
P=ypc,/k (8)

is the Prandtl number. The symbolv denotes the kine-
matic viscosity of the fluid. Once the function f is de-
termined by integration of equation (4), the velocity
components can be obtained in the manner given by
Blasius. When the temperature distribution is desired,
one can directly use the function f in equation (5), and
proceed to integrate this equation.

In mathematical terms, Pohlhausen proceeded in the
following way. He found first the solution of the ho-
mogeneous equation for equation (5), and then a parti-
cular solution for the complete equation (5). Those
two solutions are indicated with 8, () and 8, (n) . The
general solution for arbitrary wall temperature T, was
obtained by superposition:

T—T, =0 )+ 1% L= 0,m ©)
herein:
c=T,—T,—%L=z0,0 (10)
/]
In dimensionless form we have:
. T —T .
O, (e PoFY e — 2% v (1 — F) 0, (1. P)
¢ U ‘ T, —T, 1N \
+ Fomopy (D
. 8, (n, P)
whcr(‘ Al 1,(_- b {1)): 03 (T]. P) i ‘——/m;,—'

1/ lustrative temperature profiles for cool plate (1-a)
and warm plate (1-b).

The Eckert number E is here defined by:

. U2
E——-= (1
. Cp (Tw_ TJ:) \!_)
and b (P), a function of the Prandtl number is defined
by:

b(P)=10,(0,P) (13)

The functions 8, and 8, vary monotonically from 1 to 0 as
the independent variable 1) varies from 0 te e . Ob-
viously, linear combinations of these two functions do
not necessarily behave as monotonic functions.

Before we present a detailed analysis of the proper-
ties of the function@,, we will discuss in a heuristic
manner the shape that can be expected for the tempera-
ture profiles in laminar boundary layers in which the
dissipation heat can produce notable shape distortions
of those profiles. We will consider separately the ca-
ses of cool plates and warm plates

(1, <7, T,>T,).

When the dissipation heat can be neglected, the tempe-
rature profiles for those two cases are like profiles A
and A in Figs. l-a and 1-b. Without loss of generality,
we can assume that 7,. = 0 for the case plotted in Fig.
1-a, and that 7 = 0 for the case shown in Fig. I-b. If
the effect of frictional heat is relatively small, profiles A

2/ ustrative temperature profiles for the general case.
Correct trend in 2-a, and erroneous trend in 2-b.
(See Nomenclature tor meaning of symbol F).
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and A’ must appear slightly modified as illustrated by
the curves B and B’, with heat flux still in the same
directions as for A and A’. If the frictional sources of
heat are much more productive, only part of the heat
flux will be in the original directions, the rest will go
towards the ambient fluid, as illustrated by profiles C
and C’, and D and D’. Although not shown in the
drawings, the shape of the functiondu/9yhas been taken
into account to locate the bulge of temperature near the
location of the zone of maximum dissipation of
energy. A similar qualitative analysis can be per-
formed for an adiabatic plate. And then one can put
together the general solution as a linear combination of
simpler solution. This may lead to results like those in
Figs. 2-a and 2-b; but one should be able to discard
results like those in Fig. 2-b in which oscillatory beha-
vior is noticed.

Temperature profiles should look like those in Fig. 2a
and not like those in Fig. 2-b. This can be concluded
from the fact that it is impossible for any temperature
profile determined by equation (5) to have a minimum
of T: only maxima are possible, although not neces-
sary. This is immediately evident, from making 7' = 0
in equation (5), to see what condition is obtained for
points at which there is an extremum. We obtain

T”vxir == —const. (}’”)2 (]4)
which corresponds to a maximum, not to a mini-
mum. From a physical viewpoint, a minimum in any
of the temperature profiles (Fig. 2-b) would correspond
to a cool layer inserted between warmer ambient fluid
and fluid warmed up by viscous dissipation. This is
physically impossible in the present flow, given the
condition of uniform temperature upstream from the
plate.

Quantitative analysis

Taking into account Pohlhausen’s solution for the
function @, [4], the following expression can be adopted.

] . LU E)PdE
—{—2F—f lf”(i)]”‘ /[f”(c ”t/;w

(15

One can see that the solution depends on the second
derivative of the Blasius function f. Since the values
of the Prandtl number of usual interest may be large,
errors may be important in the calculation of this func-
tion.

The boundary conditions are:

at =20,

91 == ]; 63 = O 94 == ] (16)
at 11— oo,

91::0; y = V) 94::0 (17)
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To study the possibility of extreme values of the
function 9, we take the derivative of this function and
set it equal to zero:

1—F
+ 270 f @1 f ¥ )2 —"da/—o
A /\
(18)
If F =1 (or bE = 2), the slope of the curve is zero at

1= 0 (adiabatic wall), since f* > 0 for alln.

If we call A () the function given by the product of
the integrals in equation 18 we have :

1 —F+2PFA(M=0 (19)
because A (m) = 0 for allmand because A (1) is monoto-
nic there is only one value of nm representing a solution
of equation (19). Ina more detailed manner we can show

this by assuming that there is one extremum atn; and
another atn, = 1,8, we have then :

| —F+2PFA(n) =0

(20
From equation (20) we obtain :
A () = A4 (1) 2n
or:
-
/ QP "d g = / g (22)
~0 ~0
and since f” () is a continuous function, one gets:
~6
/ (PO "dt =0 (23)

0

Because f" (1) = 0 the only solution of equation (23) is
& = 0. Hence, only one extremum is possible, and this
extremum is a maximum.

Calculations and results

The functions @, .9, . and 9, were calculated by nume-
rical methods subject to careful controls of their accu-
racy. Of course, these functions cannot be more accu-
rate than the Blasius function for the flat-plate boundary
layer. The tables by A. Smith [5] were chosen because
they are highly accurate.

It was found during the calculations that the original
expressions for e‘and 8, tended to generate inaccuracies
for large values of the argument. To improve the ac-



3/ Dimensionless temperature 8,
in terms of
dimensionless distance 1
and Prandtl’s number P.

curacy the expressions were transformed into the follo-

wing ones:

9, (n, P :I——/ 7" @) de T Iz 24
L (. P) [ e g [T orag oo
63(7)’ P):
7 Vaads
1 _[ [f”(é)J?f\v{ [ (C)/f"(é_)l"—? (v/z_>(zz_,

fad ¢
/ 1/"(2)12< / @ | 7 E®r-2dE
~0 (]

>d§
(25)

LM P F)=(0—F)8 M P) 4 Fo(n, Py (26)

Due to high powers in equation (25), calculations
were performed in two steps to accomodate to compu-

ter characteristics. This was done actually for all po-
wers, i.e. for all Prandtl numbers. Simplicity in the
calculations was ensured by using the trapezoidal rule
but, of course, intervals were made small enough to
obtain high accuracy. The step size was An = 0.05
over the range 0 < 1 < 5.6. The truncation error in
the quadrature formula was estimated to be of the order
of 2.10-6.

In Fig. 3, the temperature profiles near a heated flat
plate for different Prandtl numbers ranging from 0.6 to
50 are presented. In this case, the heat due to viscous
dissipation has been neglected. In Fig. 4, temperature
profiles near an adiabatic flat plate are given. Figures
5 to 8 depict the temperature distributions given by the
tunctiond,. These curves represent an improved result
with respect to available curves (Schlichting [4], Parker
et al. [6]). The dimensionless number F varies from
— 3 to 3. while the Prandtl number takes the values
0.7, 2.0, 7.0 and 15.0.

4/ pimensionless temperature i,
in terms of dimensionless distance »
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6 and Prandtl's number P.



E.O. MACAGNO, M. MACAGNO and T. MILOH

5/ Dimensionless
temperature 94
in terms
of dimensionless
distance 1 and the
F number,
for a Prandtl number
of 0.7

6/ Dimensionless temperature 7, in terms of dimensionless
distance 1) and the F number, for a Prandti number of 2.0.
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7/ pimensionless temperature G, in terms of fimensionless
distance 1 and the F number, for a Prandt! number of 7.0.



8/ Dimensionless temperature 0 in terms of dimensionless
distance 7 and the F number, for a Prandtl number of 15.0.

Conclusion

Existing curves for the temperature distribution in
forced laminar boundary layers along flat plates at zero
incidence show some anomalous temperature profiles
which are physically and mathematically unaccepta-

36

ble. More accurate methods were used to improve the
functions originally presented by Pohlhausen, here de-
noted by 8,and 8,. With the improved functions 8, and
9,, the function g, for the general case has been recalcu-
lated more accurately. Graphs are given, and tables
are available on request.
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