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ON FLOW IN ESTUARIES
PART III: DERIVATION OF GENERAL AND BREADTH
INTEGRATED MODELS

I. INTRODUCTION.

The general mathematical model of the flow in estuaries

leads to very complicatéd nonlinear partial differential equations which

at the present stage cannot be solved_even if a satisfactory way of
treating the turbulent diffusion existed. It is therefore necessary to
derive simpler models which we can solve or at least from which we can
obtain some quantitative or gualitative information. In order for such
simplified models to be of value it is very important that the assump-
tions made at each stage of the derivation are clearly understood so that
one can judge the applicability of each model to a particular estuarine

flow.

There are two basic methods for simplifying the full

mathematical model. In the first we use order of magnitude arguments

to show that certain terms are very much smaller than others and hence
can be neglected. In applying tnis method one must be careful not to
differentiate the resulting equations since a term may be small while its
derivative is not. The second method consists of reducing the dimen-
sionality of the model from three to two or even one dimension. In order
to do this one argues either that the velocity component in one direction

is zero or, preferable, that the variations of all the variables in the

direction are so small that they can be ignored. Both these methods of

5implifying the equations can be applied simultaneously.

Some of the models discussed in this paper have been
derived for slightly stratified estuaries by Pritchard (1), (2) and
Rattray snd Hansen (3), (L), (5). This work has been discussed in detail
in the first paper in this series, Rasmussen and Hinwood (6) which will
be referred to as Part I. Some limitations of these models have been

derived in Rasmussen and Hinwood (7), referred to as Part II.

The basic mathematical formulation of the problem is
given in Section 2. Some fairly general three-dimensional models are
derived in Section 3 where we first take the curl of the full dynamic
equations before any simplification is carried out so that no gross
errors are introduced by the derivative of a neglected term being large.
In Section 4 the full equations are integrated over the breadth of the
estuary and a two-dimensional médel is derived. 3oundary conditions
are int;oduced as rejuired; a comprehensive discussion of boundary
conditions will be deferred to & later paper. . In Section 5 we discuss
the different models obtained in the paper and indicate the directions
in which more work is required. One obvious extension is to obtain
depth intequated model§ applicable to wide shallow bays and also one-
dimensional models, and these will form the topiecs of later papers in

this series.

It should be noted that the treatment of the turbulence
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terms 1s a separate problem to the simplification of the model by
elimination of terms and reduction of dimensionality considered here.
The turbulence terms are left in their basic form where possible, and

only the conventional diffusion coefficient substitution is proposed.

2. Formulation

Let the origin of the cartesian coordinate system be
located in the free surface at the upstream limit of the estuary, and let
x be the longitudinal coordinate taken positive seawards, y the lateral

coordinate, and z the vertical coordinate positive downwards. If u =

{(ul, u,uland 9 =(2, @, Q) are the velocity vector and the vector
x* Ty 2 . x* Ty 2

of the earth's rotation and p and o the pressure and density, the equations

of motion can be written in the form
Ju -
o 3%»+ plusV)u = - ¥p + pu x Q0 + gok (2.1)

where i is the unit vector iﬁ the z direction.

The viscous stress terms are not explicitly included in
these quations since they are much smaller than the turbulent stress terms
and may be regarded as being included in the Reynolds stresses. The con-

tinuity equation for the instantaneocus velocity u is
Vsu = 0 (2.2)

where the water is regarded as incompressible.

1f s(x,y,z,t) is the salinity, the steady state equation

for salt conversation is

35 - .
x* 7 (SB) =0 (2.3

where molecular diffusion is neglected on grounds that the turbulent
diffusion is larger by several orders of magnitude. The density p and

S are related by an equation of state
[ =,po(l + kS) (2.4)

where Py is a reference density, e.g. that of fresh water and k a constant,

k << 1.

The length of the estuary is denoted by L and D is taken

to be a characteristic depth. For most estuaries L >> D.

We shall now show how the governing eguations (2.1) to (2.4)
can be simplified systematically to produce approximate models which are
easier to analyse. Pressure is eliminated by taking the curl of the equatiocn
of motion before averaging, then by consideration of orders of magnitude,
the smaller coriolis and inertial terms are dropped. In this section we

make no assumption about the extent of the stratification.

3.1 The Vorticity Equation

If we take the curl of equation {2.1) we obtain
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0 .
v xlegg) + Vo [(u + v)u] + 09 x[(u «¥)u]

= Vp x{u x 9) +pV x(ux Q) +gVp xk .

Ssince V x{u x Q) = (u+9)2 + (Q+V)u + u(veR) and since the length scale
for variation in @ is very much greater than that for variation in u the
term u(VeR) ~ (u+v)Q may be neglected in comparison with the term (Q+V)u.

Furthermore Vp = pokVS‘and since k << 1, we can neglect the terms containing

Vp in comparison with those containing p. Hence we have

5 T, 38,5, 3
v x [(1 + kS) ?t'] + v x[(B.V)B] = (g}.v)B +ikg gl +ikg By (3.1)

where i and j are the unit vectors in the x and y directions, respectively.

The velocity vector u may be expressed in the form
u=u+U+u' (3.2)

where u = the time mean velocity averaged over-one or more
tidal cycles,
U = the tidal velocity,
u'= the turbulent velocity fluctuatior-which is assumed
to have a time scale significantly smaller than

that of the tidal period.

These constituent velocities each satisfy the continuity equation

Ve = 0 (3.3a)
VU =0 (3.3b)
Yeu'= 0. (3.3c)

We now obtain the time mean form of the components of (3.1)

by substituting (3.2) and taking the time mean of the resultant

equations. In the operation of taking the time mean, terms of the

type Gx“} and Gny are set equal to zero since by the Reynolds

axioms Gx“& = ﬁx & = 0 and similarly ﬁny= Exﬁ; =0, It is assumed
that terms of the type ﬁ;ﬁ;-are equal to zero since there is no reason
to suspect a correlation between the oscillating tidal motion and

the turbulent velocity fluctuations provided that there is a gap

in the velocity spectrum between the turbulence and the tidal motion
(Charnock, 8). 1In order that the operation of taking the time mean

can be carried out, it is necessary that the change of the crossectional
area of the estuary as the tide rises and falls is fairly small., This

will be supposes to hold for the class of estuaries that are considered

in this paper.

By considerations of orders of magnitude, the least
important terms in the vorticity equation (3.1) will now be eliminated
treating each component in turn. The component in the y direction is

ou, u
3 x 3 R Z ) . _ 3 (e -
Pz {(l + x8) BT } T {(l * kS)Bt } * 9z (9 V)ux ax (B V)uz
((_ZeV)uy + kg s, (3.4)

3x

The convective terms may be written as

-2 (8 2 I + 2 .
C =2 (=u Syt 5 wu )= 57 G we t i wu, g wu )

]
+ o
Y 3z " 9x xux N u
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where the continuity equation (2.2) has been used. Denote the orders

of magnitude of Uy, uy, u by Ul’ U2, U3 and tﬁqse of x, ¥y, z by v,
h. A conservative estimate is that U2 = U3 = O.lUl and that h = y/10.

Then the ratio of each term of the first group to those of the second is

bl’

- 2 -
in order of 107, so that Cy may be approximated by Cy. where

* _ 3 3 3
= — (+— + = e .
cy 9z (ax U 3y uxuy 9z ux“z)

. . . . . * . .
If (3.2) is substituted into this expression for C_~ and the time mean

taken, then by use of the continuity equation (3.3) the following expression

is obtained

c*= 2 A gs +2 55 +Lqn)
Y 9z "dx X' x ¥y xy 32 x 2
+ LA gT o« + 2770

u'ul) . (3.5a)

Further reduction of this expression may be possible in any particular
situation by considering orders of magnitude of the different terms. For
example the first two turbulence terms will frequently be negligible

compared with the thira.

3.2 ~Local Accelarations

By use of equation (2.4), the local acceleration terms

in equation (3.4) may be written as

8.
3 aux 3 auz
3;((1 + k8) 3€_) - 5;((1 + k8) 3;-) =
2 2
u, 3Tu ou 3 u
35S X X 3S 2 z
(kg7 gp * (14 k8) e~ kg g - (14 K8) 52 ).

The salinity may now be expressed in the form

= 8 t
S S + ST + 8

o
n

where the time mean salinity,
S~ the periodic variation in salinity due to the tidal

motion,

S'= the turbulent fluctuation in the salinity.

Substiting this expression and the similar one for u and
averaging over one or more tide cycles fourteen terms are obtained. The
orders of magnitude considered above show that the leading turbulence,

tidal and mean terms are of order

2 -
kSoUi/lChL, xsoulT/Ln and Ul/hr

respectively, In obtaining these expressions it was assumed S' = O (—%—),
s =0 (soUlTT
T 2L

the turbulence is T' = Y/Ul, for the tidel motion it is 3T, half the tidal

) where So is the salinity of sea water, the time scale for

period, and for the mean motion is v , and Ul’al and UlT are the orders of
magnitude of uy, Ex and Ux respectively; S' is likely to be over estimated.
Tnroughout this paper we use the notation O{ ) to indicate the order of

magnitude of the term appearing inside the bracket.

AQOOMNIH ‘g PUB NISSNNSVYH 'H
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If the time mean velocity field is changing significantly
with time, i,e. if T is small (although longer than T), the only significant

term will be the mean term

If the time-mean veloczity field is steady, as will be
assumed from this point onwards, the leading tidal terms are the largest
of the local accelerations, but are smaller than the convective terms

by the factor kSO. Hence they may be omitted.

A simpler argument is to apply the Boussinesq approxi-
mation to eliminate the terms in kS, then average, then impose steady
flow eliminating all terms. The procedure followed here has the advan-
tage of showing which terms are being compared and of indicating their
magnitudes so that the reliability of the procedure may be assessed and
if necessary the leading terms may be reinstated or evaluated as a check

on consistancy.

3.3 Coriolis Terms

Now consider the time mean coriolis terms in equation

(3.4). Let 2 be the order of magnitude of 2, Qy and 2 , and Ua that of

u .
y

10.

Then

au 3 3u 962 b, sz'2
ofa, ==X, o =L o )= (—= —= =),
X 9x Y 8y Z 3z Y b h

In the vast majority of estuaries y >> b, >> h; hence the dominant term

1
u
is likely to be QZ—S%. Substitution of typical values for this term shows
it to be smaller than the salinity gradient term although not necesserily
smaller than the time—megn convective accelerations., It may be concluded
that the coriolis terms can usually be neglected in equation (3.4%) This
result is supported by the experiments of Valembois and Bonnefille (9)
who found that the coriolis forces produced in a model of a triangular bay
mounted on a rotating table had a negligible effect on tidal amplitudes
if the dimensions of the bay were less than 150 km., From their numerous
current ellipses it appears that no mean currents were set up by the inter-~
actions of coriolis force, ﬁides and bottom friction although the small
size of their published disgrams and the irregularities of the shape of
the current ellipses would have concealed mean currents smaller than 5% of

the tidal velocity amplitudes.

Retaining only the leading coriolis term, equation (3.k)

becomes _
CFon Sy B (3.50)
y Tz a3z AT '

3.4 Verticel Terms

The z component of equation (3.1) maey be expanded in the
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11.
same way as the y component. The convective terms may be written as

c =2 (3— vu tiuu vy )
z 9x '9x xy 3y ¥vy 9z y z

The ratio of the orders of magnitude of the first three terms to the
second is Uebl/Uly and making the conservative assumption that v = lObl
and Ul = lOU2 the first group of terms is seen to be negligible compared
with the second. Averaging the resultant expression with respect to time
and.utilising equations (3.2) and (3.3) the following is obtained

LSS SR S
z - 7%y ax N Ty Yy T WY

== (

oy B XX y Ux ¥ 3z x z

32 e T
3y '9x x X y X'y 3z x

As with equation (3.5a), in any particular case some of these terms may be

negligible.

Again consideration of orders of magnitude shows that the
local accelerations are negligible and that only the QZ coriolis term is

significant, and hence the z component of equation (3.1) becomes

c*=n —%. (3.60)

12.
3.5 Transverse Terms

Considering the x component of equation (3.1), the convec-~

tive terms can be written as

=8 3 2. 3 3 3
Cy® 3y (Bx Uxtz + 3y 'z * 3z uz“z) Y * ).

3 3
(3; uxuy + W uypy = uyuZ

The ratio of the order of magnitude of the second group of terms to that

of the first group is U2bl/U3h’ but it is not certain that one group is

negligible compared with the other. One could, for example, construct a

model estuary in which U2 << U3, and b, < h; however in 2 real estuary it

1

is provable that b >> h and U2 > U,, and hence U2bl/u3h >> 1. Thus the first

1 3

group of terms may be neglected and hence

3 9 ;9 - - 3 - - 3 = - 3 9 e 3 = 9 e
R - =~ — - — (=T — —
cx Bz(ax uxuy * y uyuy * 9z uyuz) 3z (Bx Lny * 3y yUy * 9z Uyuz)
3 9

3 =
32057 Sy *

Thus as before the x component of equation (3.1) can be approximated by

- aux EE
X 2 3z € ¥y

(3.7p)
3.6 Salinity

We now consider the equation for salt conservation (2.3).

The steady-state time-mean conservation equation can be written as

JOOMNIH g pue NISSNNSYH 'H
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viE =0 (3.8)

which can be expanded to

3_ (5§ 3 (=& 3 (== 3 == =
£ o A S — -— U
% (uxs) + 3 (“yS) + 0 (uzs) * 55 LSt 5y ysT + 5> U S,
3_ TG 4 3_ igt _a,_, gt =
* o u's P uy oy 0. (3.9)

In order to obtain this expression we have neglected terms of the type

ﬁxS', us', ﬁxST and uig. It was shown in I that the tidal terms could be
dropped in an elongated estuary in which the tide height was a small

fraction of the depth, but this has not been shown to be generally true.

A possible relationship for tidal terms is a generalisation

of that proposed in I:
- i - TS 3 + .
a [Bu51nn(x ct + Eu) Ya51nn(x + ct eu)]Fu(Z)Gu(y) (3.10)

where o = 8, Ux’ Uy or UZ and n,B,y and g are constants. Under certain
conditions the tidal terms drop out of the equations of the model and under

others they may be evaluated.

Equations (3.3), (3.5), (3.6), (3.7) and (3.9) together
with relationships between 'the mean products of tidal and turbulence terms
and appropriate boundary conditions form a very general model of estuarine

flow. Such & general model cannot be solved analytically, but numerical

1h,

solutions are a possibility in the near future.

For the turbulence terms the usual introduction of eddy
diffusivities K and eddy viscosities A effects a formal simplification
and closes the system of equations. But if the law of variation of the
eddy coefficients is not simple the substitution merely changes one pro-
blem for another. This fact has frequently led to excessively simple
assumptions being made, but this of itself does not invalidate their use. -
The eddy coefficients may be defined as follows:

utuo= A (3.11)

where v is the time mean velocity in the_xn direction, and
TET = . (3.12)
n
Although this formulation does not specify the mode of variation of the
eddy coefficients, it is usually assumed that they do not depend explicitly
on the velocity distribution. If this is the case, eguation (3.11)

cannot be applied with complete generality.

L, Breadth Integrated Models

Lk.,1 Integration across the breadth

The three-dimensional model derived above is clearly too

complicated for analytic solutions or even numerical solutions with present
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computers. Furthermore for most cases many negligbly small terms would
be retained quite unnecessarily, thus some simplification is essential.
One of the most useful to consider is that lateral variations are less
important than vertical or longitudinal variations. A sequence of two-
dimensional models is developed below, with increasingly restrictive
assumptions. The first model involves integration of the complete
equations of motion over the breadth. If all terms are retained the
integrated equations are exact, but for reasons given above terms are

dropped and approximate integrated equations are obtained.

Before making these simplifications a kinematic boundary
condition will be introduced. The condition for the flow to be tangen-

tial to the sides of the estuary is
[u‘] =42 [u ] + i} fu] for o= a,b. (%.1)
yla x xla 3z Yzla ’
where the sides of the channel are given by: y = a (x,z) and
y =b (x,2). Equation (4,1) may be multiplied by [6]0. and then the time
mean taken to give

—_— In (e 3 —
75,0, -+ 3 B, + 3 15, .2

where B could be Uy uy’ u, S or any other scalar or vector.

By the application of Leibnitz's rule, equation {3.8)

may be integrated over the breadth from y = a(x,z) to y = b(x,z) to give

b —
0= [ V.uS dy
a
3 b Jda ab t
=—ﬂ£ux8dy+—a—— “xs]a'ﬁ'[“xsb* [ 8]
3 v —
+ 2 22 .2
o i uZS dy + v [quJa oy LquJb
By applying equation (4.2) some terms may be eliminated to give
o= (zas)+i (3 <u 5>}
ax X 3z z
_ 3 - o 2 —
~ ax (B <uf>) + ax (3 U, Sq)
+ L 3 @rEn) + & (5 <@ 5)
9x X F} 2z
+ 2 (38 TBo) + L (B G (4.3)
9z 2°T 9z z )

where the average over the breadth is indicated by < > and B (x,z) =

16.

b (x,z) - 2 (x,2) is the breadth. This result is equivalent to an equation

first derived for estuaries by Pritchard (10) and in more detail by

Okubo (11).

To obtain spatially averaged vorticity equations it is

preferable not to integrate equations (3.5), (3.6) and (3.7) over the

breadth. Tnis is because the integrals of the terms omitted in obtaining

these equations from equation (3.1) might not all be negligible. If the
complete vorticity equations are integrated, the following expressions
are obtained for the convective terms by use of equation (4.2), since

Vo x (usV)u may still be neglected:

QOOMNIH g puB NISSNNSYH 'H
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(1)

(i1)

(iii)

17.

B Eel, - R T ER), g By s e - 5 s ]

2], « 2 Paol,

s aups e, (4.ba)

- —g% [v-(l_x_iy)]a + % [\7-(§_uy)]b + [V-(ﬁz)]z

- Bs SR s al, (4.58)
B Eae)], - B G, - bEel

v 3-8 > s sl (b.6a)

supposed

that the length scales for variation in Q are very much
)

larger than those for u, so that  can be taken outside

the integral

that the len

2

gth scale for u in the x direction is very

much larger than that in the z direction, -and

that 8, @,

Qz are of the same order of magnitude,

and noting that ¥p x (u x Q) may still be neglected, it can be shown

that the integral across the estuary of the coriollis term reduces to

18.
b
,I'Vx(gx{z)dy
a
_ - 1b da - b - 3 -
l{[gy ux]a + 8, (ES; Lx]a Tz [ux]b t3 B <ux))}
N - 1b 3a - b = ] -
* J{[Qy uyla +a Sz‘uy]a - [uy]b 57 B <uy>)}
b
nt - da - 3b - 3 -
«x{[e ] +a (ESE W], -5 (5], +5;8 <uy>)} .

Integration of the remasining terms in the complete equation

{3.1) does not yield any significant

equations (3.5b), (3.6b) and (3.70).

terms not obtained by integrating

Integration of these last three

equations with the substitution of the above expression for coriolis forces

gives:

B <€ >=0 (B <
9z Y

da -~
v, 5 B,

3b rz
-kga[s]bi»
- 3B <u_>
B <C >= 9 z_ .
z z 3z
(= 1b
+ | u 1
(a3 ],
3B <u_»>
B <€ >= @

>) +kg B2 g B 5,1,

ax zZ 3z
- 1b
* [Qyuy]a
38 ra
kg o= [8], s (4.hv)
3b da r—
nz 2 {uz]b + nz Pz [uz]a
(4.6b)
- W -
- [kgs]a T [“x]b
. (k.50)
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The continuity equation {3.3a) may also be integrated across

the breadth to give:

b
0=/ Veudy
a

i dae22a] SRRl s a T
= 3% B Uty [ux]a T ax ux]b + [uy]a
- da r= b r-
-EB<uz>+E[uz]&—3;[uz]b’

and by use of (4.1) this becomes

| - 3
0 = vy B <ux> + P B <uz> (k.7a)

and similarly (3.3b) gives
0= B<U>+p<u>. (4.7v)
ax x z ‘

3z

k.2 fThe Simplified Breadth-integrated Equations

The equations (4.3) to (4.T) obtained by integration over
the breadth of the estuary are very general and also rather complex. They
are therefore of limited value, and it is necessary to consider ways of
simplifying them. Two simplifications are possible, the first being to
apply the same order of magnitude argument &s used in the previous section.
This justifies the omission of half the terms in equation (k.ha}, but will

not be applied to equations (L4.5a) and (4.62) because there is not such a

20.

large margin between the major and minor terms in these equations as in

equation (4.h4a).

The second simplification results from applying a second
boundary condition at the sides of the estuary. The simplest is that there
is no slip between the sides and the water at the sides, and this together

with the condition of no normal flow at the sides is equivalent to

[a], = [, = o

This condition is physically realistic and gives rise
to the boundary layer on the sides of the estuary which is important in
analysis of estuarine flushing, but its use leads to two difficulties.
The first is that viscous shear stresses have been assumed to be contained
in the Reynolds stress terms, and while the velocity fluctuations vanish
at the bounderies the shear stress does not. This difficulty may be com-
pletely overcome by not setting the Reynolds stresses equal to zero; hence
the boundary condition to be imposed becomes

[ﬁx,ﬁy,ﬁ LU LU LU

2Vl = [\Lx,‘uy,u ’Ux’Uy’Uz]b = 0., (L.8)

Z]& 2

The second disadvantage of this boundary condition is that it may conflict
with the subsequently assumed expressions for the eddy viscosities, which
in order to be of use must be simple functions valid over the bulk of

the flow. Although functions which are too simple cannot give correct

QOOMNIH '€ 'T bue NISSNASYH 'H
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shear stresses near the boundaries as well as in the remainder of the
fluids, Johns (12), (13) obtained satisfactory results with reasonably
simple expressions for sz. The assumed functions would have to be
sufficiently accurate at the boundaries as well as over the bulk of the

flow.

By applying equation (L4.8) all quantities in equation
(k.4a) evaluated at the boundaries are set equal to zero except for the
Reynolds stresses. The following expressions is then obtained by sup-

posing that y >> hj

SR I B S O
B <Cy) T 2z [ax B awu> + o7 Bcuy °]
a—B'.. 3_ 0 1 — N — L}
* 9z [Bx (ux Y )+ 3y ( X uy )+ 9z (ux Yz )]a
3 3 K 3 7
T 3z Lox (ux Uy )+ 3y (ufwg )+ 2 oy )]b .

Although length scales for the turbulent velocity components
could be expected to be more or less equal, the length scales for time-mean
products of velocities will not and will probably be the same as those for

h the first of the

mean velocities (y, b,, h). Presuming that ¢ >> bl’

l’
Reynolds stress terms in each bracket including the terms which have not

been expanded may be neglected in comparison with the others. The expression

thus becomes:

Similarly equations {L.5a)

k) 3 e
vy [5’—( B <uxux> +
KL B eremre
3z [ay (ux uy )+
b —
AT

+

2
3z

b
9z

2 B <u u >
3x pd
a t 1
—u'u

3y ¥
9 =
qy uy Yz
fi‘ TURTE
Wy Y Y
2 B <u u
9x Xy
[ﬁ_ T
3y Yy

5 B ]

3 T at
3z quz )]a
3

TR

and (4.6a) become

3 —
+ 9z B <uyuz>]

EBroaery
3z Yz uy ]a
3

a_ 1 0

3z Uz uy ]b ?
3 ——

* 9z B <uyuz>]

(4.92)

(4.9v)

(4.9¢)

where, in obtaining equation (k.9¢), the condition v >> h was used to

. s PR da
eliminate boundary stress terms containing the factors % or

with those retained.

2
3x

by comparison

Equations (4.4b), (4.50) and (4.6b) may be combined with

equations (4.9) and the boundary condition (4.8).

the time mean terms, the following expressions are obtained:

After the expansion of
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_3 3 - - 3 _— 2 - 2 —
B <C > = o= [3; (B <uu >) + 57 (B <Uxe>) + o= (B U3 >)+ E (B <U U >)

2 - = da B em—
ER—— B<' 1.y + - | 1 T L. Tt
9z ( Uy % )] 9z 3y Uy uy * Az Uy Y ]

’ab n n a —————e
. +
[By Uy uy 9z ux uz Jb

It

3 - dars
8, 7B W o+ kg 5B <Bo- kg [5] + kg 52(8], (4.10a)

- L= 9 ] - - . £l - - 3 e
B <C > = 4 - jo— < >, —— — —_
» 32 [ax B uyux + 37 B <UyUx>+ 32 B <uyuz> + 5 B <UyUz>

3 — da (8 ——r 3 ——
+ 5 T _ 98 fa o
2z © <uy Yy >1 9z [ay u} u; T u& ]a
KL 5 Mibvs pve R vy pave 3 TTuT o+ Agruv b
* [ay A P u; vt [5; Ytz 2z Yz Yz ]a
=xza—s<ﬁ>_kg [é]b (4.10b)
3z X a ’ *
B <C > = 3 {3— B <u u >+ 3 <TU >+ 2 B <qu > +-3— <U U >
z 3z t9x Xy x Xy 9z Yz Ty z
9 b
+ 2 I A ey o o
5 B <u u >] [ ul u + ul ]
=a L. (k.10¢)
z 9z z '

The integrated model obtained comprises equations (4.3),
{(4.7) and (L4.10) together with boundary conditions and closure reiation—
shiﬁs such as equations (3.10), (3.11) and (3.12). Despite the simplifi-
cations this model is still intractible and is unlikely to be used directly

in analytical studiés. Its most likely uses will be as a basis for simpler

2k,

models for mnalysis, in numerical models and in the reduction and evaluation

of experimental data.

The latter use is well illustrated by the experimental
studies referred to in Part I. In many of these studies one or two terms
which were not measured were evaluated by the use of approximate eguations,
but in fact the values given for these terms contained the swn of all the un-
measured terms. The usual techniques of measurement of velocity and salinity
would enable all the terms except the turbulence fluctuations to be directf
ly measured. In the absence of measurements of turbulence the equations of
the model would furnish four relationships for two turbulent momentum
fluxes, two turbulent salt fluxes and ten boundary shear stress quantities.
Use of equations such as (3.11) and (3.12) or use of results from other
turbulent flow situations would be necessary if any terms must be expli-

citly evaluated from measurements of non-turbulent quantities.

4.3 The Breadth Integrated Model

In order to develop an essentially two-dimensional model
which might be suitable for analytical studies it has been common practice
to assume that none of the variables and parameters of the flow depend
upon the transverse coordinate and that ﬁy = 0, This assumption is
unnecessarily restrictive as mey be seen from the following descriptive
argument. The flow at an expanding section of an estuary mey be regarded

as having originated at a distant point source, as in Fig. 1.
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25. 26.

At the centreline ﬁx= v, but near the edges Gx = v + Aﬁx

where 83 /3 =75 /i = tan 0 = 22 = y &8
Xy Yy X Ix ax
s
. X b2
hence —_== (3;) »
Fictitious x
point -
AU
o B2
source and 0 (=) = (3—) s
— X
u
x
u
and o (%) = (2 .
- 3x
u
x

The assumption that Gx is constant across the breadth introduces an error

B2 . -
of order (%;) and hence requires that (%%02 << 1. The usual assumption that

~ ~ Gy is negligible everywhere requires that in the continuity equation

i.e. 0 (-_-_-’v—) <<?‘
i

\ / 2B .

\\ J and hence that (S; << B , i.e. that the breadth changes by a negligible
r

~ — fraction. A similar argument mey be presented for tidal velocities.

Although not exact, this argument shows that the assumption

Fig. 1. Plan View of Divergent Section of Estuary of truly two-dimensional flow is restrictive, and so this assumption will not

be imposed. Instead it will be assumed that none of the variables which
appear as spatially-averaged quantities in equations (4.3), 4.7) and (k.10)

do vary with y. This assumption is equivalent to the following:
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27.

<«wuS> =1u8 =
x uaS, (UGST z UaST ’
' S's = 't &1 30 =aun
u S'> vy s', <uig> u g s
< > =04 aful s = u
a g UGUB M B

where o and B stand for either x or z.

The assumption just made does not apply at the walls to the
derivatives of the Reynolds stresses. The evaluation of these guantities,
which requires the use of information additional to tﬂe above three equations,
does not form the principal part of the analysis. Indeed, in many cases

order of megnitude arguments may be applied to eliminate many of these terms.

Before equation (4.10a) can be rewritten, it is necessary to
refer to section 3 where it was shown that the coriolis terms could be neglected
in most cases. In terms of the magnitudes of section 3, the condition to be

satisfied if this term is to be neglected may be expressed as

-
9 U, << max {kng s./1, Uy Iy}

where max indicates that the larger of the terms is to be chosen. The first
term in the bracket is the order of magnitude of the gravitational term

while the second is that of the inertial terms.

1f this condition is met, equation (4.10a) becomes

28.
N SRR ML SRS WALES
M ?z (3 G;EZ) * 22 (VY )] * e
= kg %—i— [8], - xe g-:% [ 8], + ke % (B3) (¥.11a)
where
=2 G+ & Gl
-3 G G+ 5 G, (4.110)

and the brackets < > have been omitted for convenience. In an uncurved

reach of an estuary

- o8B @ T 3 T
6= 2 3z [ay (ux uy )+ 3z (“x Yz )]b
and the right hand side of {(4.lla) reduces to kg B %% .

The salinity equation was simplified in Part I by elimina-
ting the tidal terms. This follows from the fact that the tidal velocities
are out of phase with the salinity (Pritcherd {1)) and has been supported
oy the data of Hinwood (1k) and Dyer and Remamoorthy (15). This simplifica-
tion should be quite generally valid provided that the variation of the tidal
currents and salinities about the mean do not show marked asymmetries over

a tidal cycle. Equation (4.3) thus becomes:
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] -z 3 - & 3 — 3 ——
= (B uxS) + 5 (8 uZS) e (B uy s') iy (B u s'}y =0, (4.12)

The basic two-dimensional model consists of equations (4.7), (4.1la)

and {4.12), in which &ll mean quantities are treated as invariant with
breadth, and the operator < > has been dropped for convenience, together
with equation (4.11b), boundary conditions and closure relationships

such as those already mentioned.

Although we do not intend to treat boundary conditions,
for completeness some mention of them must be made. We have already
introduced two conditions on the sides of the estuary: the condition of
zero normal velocity (4.1) and the condition of zero velocity (L4.8).

The only other condition to be applied on the sides is to specify the
Reynolds stress terms - in practice to express these turbulent quantities
in terms of the mean motion. At the bed of the estuary the same condi-

tions as on the sides mey be applied, with appropriate changes of symbols.

The free surface may be subject to shear stress, produced
by the wind, or to turbulent energy input from wind waves, As with all
Reynolds stresses these terms must be parameterised. The model permits
free surface elevation changes, but the kinematic and energy boundary
conditions have not been stated, they are the usual conditions for gravity
waves. Depending on the technique of solution adopted these may not be

necessary.

30.

At the upstream and downstream ends of the estuary it is
not clear how many boundary conditions are required, but by analogy with
the physical system we could prescribe, as functions of time, the surface
level and the vertical distribution of salinity at landward and seaward
ends, and the river flow. The disappearance .of the velocity seawards

could also be a valid requirement.

4.4 An Approximate Model for Estuaries of Rectangular

Section.

We now show how the model consisting of equetions (4.7),
(4,11) and (4.12) cen be further simplified when the flow is restricted
to being in a channel of rectangular cross-section and some additional
approximations are made in order to remove the convective term. In the
end we obtain the model which was analysed by Hansen and Rattray and

discussed in Part I.

It was shown in Appendix 1 of Part I that the tidal

term can be ignored provided one of the following conditions is satis-

fied

(1) the tide is a pure progressive wave, or

(ii) there is no significant variation of tidal velocity
with depth, or

(iii) the length of the tidal wave is much greater than that

of the estuary.




§ee

31.

In the remaining part of this section we assume that one of these
conditions is satisfied. For an estuary of rectangular cross section
3 3b 3 .
da % ;2B 0 and hence G = 0, and since the same order of magnitude
dz 3z 3z

arguments apply even in this somewhat artificial case there is no need
to restore terms omitted in going from equation (4.la) to {4.11). The

convective terms may be dropped if the Froude number F = ﬁl/Vg kSch << 1

since the ratio of the convective terms to the gravitational term is:

52 PR 38

9z [ax B uxux * z B ux“\z]/kg B X

which is of order F throughout the portion of the estuary for which the
orders of magnitude chosen are correct, Pritchard's data for the James
River (Pritchard (2), Table 2) showed the convective terms to be negligibdle,

but his methods of evaluating the quantities which he did not measure are

questionable, If F << 1, equation (4.11) is reduced to

.2

L oo e
,azBu)‘(uz = kg B - . (k.13)
z

The continuity equation (4.T7a) is satisfied by a stream function ¥ defined

by:

Then by using equations (3.11) and (3.12) equation (4.13) becomes

32.
2 2 -
3 3%y a8
~= (A *5) =k B g =~ (L.1k)
3x2 322 ax
35 3 . 38
L a) 5 (B K, 22, (4.15)

The simplified model consisting of equations (4.14) and (4.15) together
with boundary conditions formed the starting point for analyses such es
those reported in I and IXI. It is a valid approximation only if the
assumptions set out in the course of this derivation are satisfied., An
immediate restriction is imposed by the convective terms, and so
application of the model should be restricted to slightly stratified

estuaries similar in regime to the James River, with low values of F.
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5. Concluding Remarks

In section 2, by making minor simplifications, we obtained
2 very general mathematical model of estusrine flow. This model consists
of the time-averaged and tidal continuity equations, the time-averaged salt
conservation equation and the three components of the time-averaged vorticity
equation., For closure this system requires relationship between turbulent
and mean terms, and boundary conditions must be specified. At the moment
this model is too complex for solution and is regarded as the starting point

for the development of simpler models.

By integrating across the breadth, and. using two boundary
conditions an integrated model has been cobtained and then by order of
magnitude analysis this nas been simplified. This model has three functions:
as the starting point in the derivation of simpler models, as the basis of

a numerical model, and in the evaluation of experimental data.

For a rectangular estuary additional assumptions and
approximations lead to the model analysed by Hansen and Rattray. The
derivation shows the restrictions on the use of this model. Less restricted
models have not been solved analytically, but could be studied with a

view to obtaining asymptotic solutions or providing bounds on the solutions,

Future work will be concerned with completing the specifi~

cation of the general model and with deducing meaningful simplified models.

To complete the specification boundary conditions must be obtained, but
because of the nonlinearity of the problem it is not clear how many are
required in a given case and a preferred sequence of boundary conditions
may have to be given so that sufficient may be chosen to specify the
problem without constraint. Closure requires relationships betwesn the
mean and turbulent terms, and this seems to reguire measurements in

actual estuaries. Such measurements are in progress.
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